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Abstract
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We establish conditions under which the optimal selling mechanism is static and buyers are not
screened with respect to their interim type, or sequential and the buyers are screened with respect
to their interim type. In particular, we provide an intuitive necessary and sufficient condition under
which the static contract is optimal for general distributions of ex-post values.

Further, we completely characterize the optimal sequential contract with binary interim types and
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1 Introduction

1.1 Motivation

Sequential screening models have been used extensively in economics and revenue management to study
optimal contract design when buyers learn their valuations over time. In the classic formulation of
sequential screening pioneered by Courty and Li (2000), a profit-maximizing seller faces buyers that
have initial partial-private information about their valuation, for example the mean, and privately learn
their full valuation after some time. In the classic setting, buyers are required to participate from an
interim perspective: their expected gains at the time of contracting have to offset their outside option.
A salient example discussed by Courty and Li (2000) is the airline industry in which, for example,
travelers purchase tickets in advance, but may only realize their actual valuation once the date of the
trip approaches.

Even though the optimal contracts that arise may offer partial refunds, the initial advanced price
is large enough such that some travelers experience negative ex-post utility while still being willing to
participate interim. This situation arises in other industries as well, such as hotels, theaters or even
railroads where advanced pricing/refunds type contracts are also offered.

In many new markets, however, sellers are constrained to sell products in such a way that buyers
obtain a non-negative net utility once they have realized their valuation, that is from an ex-post per-
spective. For example, in online shopping buyers may have the chance to return a purchased item after
delivery, usually at no or low cost (Krdhmer and Strausz (2015)). In the online display advertising
market typical business constraints impose that publishers cannot use up-front fees (Balseiro, Mirrokni,
and Paes Leme (2016)) and instead run auctions, for example second-price. Thus, the seller needs
to guarantee participation not only initially — at the interim level — but also after the buyers have
completely learned their valuation — at the ex-post level.

Motivated by these new markets, we study the sequential screening problem as described by Courty
and Li (2000) and in order to match our previous narrative we incorporate ex-post participation con-
straints. Ex-post participation constraints rule out the optimal contracts derived by Courty and Li
(2000) with up-front fees. As pointed out by Kriahmer and Strausz (2015) because different up-front
fees cannot be used to price discriminate the different buyers, it may be that a static contract, one that
does not screen the buyers interim, becomes optimal under ex-post participation constraints. Building
on the work by Kriahmer and Strausz (2015), our objective is to understand when in fact the optimal
selling mechanism is static (buyers are not screened interim) or sequential (buyers are screened interim)

and obtain a full characterization of such contracts. Our work highlights the significant revenue im-



provements that can be attained by using a sequential contract relative to a static one, even in the
presence of ex-post participation constraints.

Our model considers a seller who is selling one unit of an object at zero marginal cost to a buyer
who has an outside option of zero. The sequence of events unfolds in two periods. In the first, the buyer
privately learns her interim type, for example the mean of her valuation distribution, and the parties
contract—important parts of our analysis are done for binary interim types of buyers, low and high. The
high type has a distribution of ez-post values that dominates the distribution of the low type in some
stochastic order. The contract specifies allocation and payment functions. In the second period, the
buyer privately learns her valuation, and allocations and transfers are realized. At this point, the buyer
only accepts the contracting terms if her realized net utility is weakly larger than her outside option.
This model aligns with our aforementioned examples. In online shopping, the first period corresponds
to the purchasing time. At this time the buyer possesses private information about her valuation but
can only know her valuation with certainty after inspecting the purchased item. In the second period,
the buyer is delivered the item and has the option to return it, at low or no cost. In the case of display
advertising, some publishers use a sequence of auctions known as “waterfall auctions” that implicitly
impose different priorities over participants.! Commonly, higher-priority auctions have higher reserve
prices. The first period can be thought of as the time at which the buyer decides in which auction

(priority /reserve) to participate in. The second period is when the auctions are actually run.

1.2 Results

One of our main contributions is to characterize when a static contract—that is, a contract that does
not sequentially screen buyers—is optimal. We provide a necessary and sufficient condition for the
optimality of the aforementioned contract, we refer to it as the average profit-to-rent condition. The
characterization we provide is intuitive. At the static contract the seller offers a single price to both low
and high type buyers. This price is too large for low types and too low for high types relative to what
the seller would set if he were to know the types. To increase his revenue with respect to the static
contract, the seller could try to increase the price for high type buyers, however, this would incentivize
them to imitate the low types. Another option the seller has is to decrease the price for low type
buyers, but this would again incentivize the high types to mimic the low types. In order to increase
revenue and to deter high type buyers from imitating the low types, the seller can reduce the price for

a portion of low types thus serving more of them and, at the same time, randomize their allocation

!See, for example, https://adexchanger.com/the-sell-sider /the-programmatic-waterfall-mystery. A similar dynamic oc-

curs when sellers offer “preferred deals” to advertisers (see, for example, Mirrokni and Nazerzadeh (2015)).



so that high types do not take the low types’ contract. The profit-to-rent condition establishes that
this deviation is not profitable for the seller; hence, the profit-to-rent condition is necessary for the
optimality of the static contract. Notably, we also show that it is sufficient. Our characterization is a
weighted average monotonicity condition of the virtual valuations around the optimal static threshold
that in some settings encodes information about the similarity of the interim types. For example, in the
case of exponential valuations, the static contract is optimal if and only if the means of the distributions
of the low and high type are appropriately close.

Our second main contribution characterizes the optimal mechanism when the condition mentioned
above does not hold and a static contract is no longer optimal. We prove that the optimal sequential
contract randomizes the low type and gives a deterministic allocation to the high type. Randomization
occurs to prevent the high type buyer from taking the low type’s contract. More specifically, the optimal
contract is characterized by an allocation probability z € (0,1), and three thresholds 6, 02, and 0y
with 01 < 6y < 5. In this contract, the seller allocates the object to a low type buyer with probability
x whenever her valuation is between 61 and 65, and asks for a payment of 6, - z. When the valuation
of this type is above 69, the object is always allocated to her and the seller demands a payment of
02 — (62 — 01) - ©. The high type buyer gets the object with certainty and only when her valuation is
above 6y, at which point the payment she has to make to the seller is #y. These parameters are set in
such a way that the interim incentive compatibility constraints are satisfied.

A salient feature of this type of contract is that it discriminates the low type in two dimensions.
First, we establish that 01 is above the optimal threshold a seller would set if she was selling exclusively
to low type buyers. That is, the low type buyer is being allocated the object less often in the presence
of high type buyers. The opposite holds for high type buyers, they are being allocated the object more
often than if they were alone. Second, there is a range of values for which the object is sold to the
low type with some probability strictly below one, which further reduces the chances of a low type to
receive the object compared to a case in which there are no high type buyers. We illustrate these results
with the example of the exponential distribution for which we have explicit solutions. We find that for
exponential valuations the sequential contract can exhibit revenue improvements of up to 16-27% with
respect to the static contract.

Towards the end of the paper, we consider the case of many interim types. We generalize the profit-
to-rent condition to a setting with an arbitrary number of interim types. We also discuss directions on

how to expand our analysis and results to this setting, as well as the challenges that arise.



1.3 Related Work

Our model builds on the sequential screening literature as pioneered by Courty and Li (2000), with an
interim participation constraint.? In contrast, in this paper we impose an ez-post participation constraint.
The closest paper to ours that studies sequential screening with ex-post participation constraints is
Krahmer and Strausz (2015). They establish that the static contract is optimal under a monotonicity
condition regarding the cross-hazard rate functions. This condition rules out some common distributions
for values such as the exponential distribution. Furthermore, the condition is only sufficient, and
therefore, does not provide a complete characterization of the space of primitives for which the static
contract is optimal. We close this gap by providing a necessary and sufficient condition under which the
static contract is optimal. Our condition leverages the economic intuition that lies behind a potential
profitable deviation from the optimal static contract. Further and importantly, when the condition fails
we characterize the optimal sequential mechanism and show that randomization of one of the interim
types is required for optimality.?

In terms of approaches, Krahmer and Strausz (2015) relax both the low to high incentive constraint
and monotonicity constraint and then show that, under their condition, the contract that maximizes
the Lagrangian is deterministic and that as a result the static contract is optimal. In contrast, we also
relax the incentive constraint but maintain the monotonicity constraint. For the relaxed problem, we
perform a first-principle analysis, in the style of Samuelson (1984) and Fuchs and Skrzypacz (2015) that
leads us to identify the right structure of the optimal contract. In turn, this permits us to characterize
the optimal sequential contract when our condition breaks. In related recent work, Heumann (2016)
considers a setting in which a seller can design the screening mechanism as well as the information
disclosure mechanism with ex-post participation constraints.

The sequential nature of our model and the presence of ex-post participation constraints is related to
the work of Ashlagi, Daskalakis, and Haghpanah (2016) and Balseiro, Mirrokni, and Paes Leme (2016).
These authors consider a model in which a seller, constrained by ex-post participation (also motivated by
the display advertising market), repeatedly sells objects to a buyer whose valuations are independent

across periods. Both papers provide characterizations for a nearly optimal mechanism. They are

2See Akan, Ata, and Dana (2015) for a recent adaptation of the Courty and Li (2000) formulation to study advanced

purchase contracts in revenue management settings.
3See also Manelli and Vincent (2007) and Daskalakis, Deckelbaum, and Tzamos (2015) for examples of multi-good

environments in which stochastic allocations can improve over deterministic ones. In a related note, Krahmer and Strausz
(2016) establish that with multiple, as opposed to a single good, generically, the static contract is not optimal for the

sequential screening problem with ex-post participation constraints.



different from ours because we consider a single sale and construct the exactly optimal mechanism in a
sequential screening model.

Our optimal mechanism is related to the BIN-TAC auction derived in the context of online display
advertising by Celis, Lewis, Mobius, and Nazerzadeh (2014). This is a static auction that offers two
options to advertisers: a buy-it-now (BIN) option in which buyers can purchase the impression at a
posted high price, and a take-a-chance (TAC) option in which the highest bidders are randomly allocated
the impression (if no bidder went for the BIN). This auction is tailored to approximate ironing in the
classic static Myerson setting for non-regular distributions that commonly arise in display advertising
settings. This mechanism is similar in spirit to ours as it randomizes low valuation buyers to separate
them from high valuations ones. However, with one bidder the BIN-TAC auction reduces to a posted
price which corresponds to the static contract in our setting. In contrast to their static setting, we
study a two-period model in which the buyer is sequentially screened and randomization occurs even

with one bidder.

2 Model

2.1 Payoffs and Private Information

We consider a seller (he) who is selling one unit of an object at zero cost to a buyer (she) with an
outside option of zero value. Both parties are risk-neutral and have quasilinear utility functions. The
sequence of events unfolds in two periods.

In the first period, the buyer privately learns her fype and then the parties contract. The type
provides information about the distribution of the ex-post values of the buyer, her true willingness-to-
pay for the object. The contract specifies allocation and payment functions.

In the second period, the buyer privately learns her valuation, and allocations and transfers are
realized. We refer to the type realized in period 1 as the interim type and the valuation realized in
period 2 as the ex-post type.

There are finitely many types, denoted k € {1,..., K}, and the prior probability of type k is given
by a; with ap > 0 and Zle ar = 1. In the second period, a buyer of type k privately learns her
valuation ¢ which we assume to have a continuously differentiable c.d.f. Fy(-) and pdf fi(-), with full
support in © C [0,00]. We assume that © is a connected interval of the form [0, 0,4,]. It will be

convenient to denote the upper c.d.f. by

Fp(-) 21— Fi().



All the distributions are common knowledge. We denote the virtual valuation puy(-) of interim type k

by

1— F.(0
[1,(0) 2 6 — 7’“(), Vke{1,...,K}, V¢eo.
fi(0)
For the rest of the paper we make the standard assumption that:
1— F(6
f(g)()’ is non-increasing in 6,Vk € {1,..., K}. (DHR)
k

This assumption facilitates our discussions. However, for our formal results we will need a weaker
assumption that we introduce later.

The terms of trade are specified in the first period by the seller. For a payment ¢t € R and a
probability of receiving the object x € [0, 1], a buyer with valuation 6 receives a utility of 6 -z — ¢, while
the seller gets paid t.

We assume that the buyer agrees to purchase the object only if she is guaranteed a non-negative
net utility for any possible valuation of the object she might have. That is, we require 6 - x — t to be
non-negative for all 8. The seller’s problem is to design a contract that maximizes his expected payment,

satisfying the ex-post participation constraint together with incentive compatibility.

2.2 Mechanism Design Formulation

By means of the revelation principle (see, e.g., Myerson (1979)) we can focus on incentive compatible
direct revelation mechanisms, with allocations zj : © — [0, 1] and transfers t; : © — R, that depend
on the types (k,6) reported to the mechanism. Then, for a buyer reporting an interim type &’ and
an ex-post type @' the mechanism allocates the object with probability x4/ (') and charges the buyer
ti (6').

We define the ex-post utility of a buyer who reported k in the first period and ¢’ in the second period
while her true valuation is 6 as

uk(ﬁ, 9/) é 9 . :L'k(e/) — tk((gl),

with the understanding that uy(6) equals ug(6;6) . Similarly, we define the interim expected utility of

a buyer whose true interim type is k& but reported to the mechanism &’ as

Uy 2 / max{u (:6)} - fiu(2)dz,
S AE)

where the maximum is included because double deviations are in principle allowed. Note, however, that
with distributions with common support and under ex-post incentive compatibility, the maximum will

always be achieved at 6" equal to z, and we can restrict attention to single deviations.



There are two kinds of incentive compatibility constraints that must be satisfied by our mechanism.
The first one is the ex-post incentive compatibility or (IC*P) constraint which requires that for any

report in the first period, truth-telling is optimal in the second period, that is,
uk(G) Zuk(e,e’) Vk € {1,...,K},V9€@. (chp)

The second one is the interim incentive compatibility or (IC?) constraint which requires that truth-

telling is optimal in the first period, that is,
Upk > Uper VE K € {1,...,K}. (ICY)
Also, we require the mechanism to satisfy an ex-post individual rationality constraint or (I R*P)
up(0) >0, Vke{l,...,K}, VOec0O. (IR™P)

Then, the seller’s problem is

K
max Z@k'/(;)tk(z)‘fk(z)dz (P)
k=1

st (ICY), (IC*P), (IR™)

0<x<1,

where we use boldfaces to denote vectors. Observe that (I R*P) implies interim individual rationality.
In fact, if we were to relax (P) by considering only interim individual rationality we would be in the
setting of Courty and Li (2000) for discrete interim types.

In general, two types of contract can arise as a solution to the seller’s problem (P) : static and
sequential. A static solution to problem (P) corresponds to the case when the allocations and transfers
(zk, tr) do not depend on the interim type k. In this case we have a unique menu (z,t) that is offered to
the buyer and the contract does not screen among interim types. We use (P*) to denote the constrained
version of (P) to static contracts, which we refer to as the static program. In contrast, a sequential
solution allows for different menus that depend on the interim type k, and each type of buyer self-
selects into one of the menus. The problem (P), referred as the sequential program, allows for such
solutions.

The main focus of this paper is two-fold. First, to study when the optimal solutions to the static and
sequential programs, (P*) and (P), coincide. Second, when they do not coincide, we aim to characterize

the optimal solution to (P).



3 A Classic Example of Sequential Screening

We use the motivating example of Courty and Li (2000) to illustrate the power of sequential screening
in the presence of an ex-post participation constraint. We show that a sequential contract outperforms
the static contract.

There are two types of potential buyers, low type and high type. One-third of potential buyers
are low type whose valuation is uniformly distributed in [1,2], two-thirds are high type buyers with
valuation uniformly distributed in [0, 1] U [2,3]. Courty and Li (2000) think of the low type as a leisure
traveler and of the high type as a business traveler with the same mean but larger variability in her
valuation. The seller has a production cost equal to 1.

The optimal static contract sets the optimal monopoly price, p, equal to 2, which yields a profit
of 1/3. The static contract only serves the high types with high realized valuations. Courty and Li
(2000) in their setting with an interim participation constraint show that the seller can significantly
increase its profits with sequential screening by offering a menu of advanced payments/partial refund
contracts. They establish that the optimal contract for their setting offers an advanced payment of 1.5
and no refund to the leisure traveler, and an advanced payment of 1.75 and 1 of refund to the business
traveler. In this contract a buyer can have a negative realized net utility. For example, the leisure
traveler initially pays 1.5 but her actual valuation can be any value within [1, 2] and, therefore, half of
the time she will obtain negative net utility after learning her valuation.

Because of the advanced payments these contracts typically will not satisfy an ez-post participation
constraint, which we study next.

Let us consider the following sequential contract as a simple deviation from the optimal static
contract. The seller offers a menu of two quantities and prices, (zr,pr) and (zg,pm). The second
contract is set equal to the optimal static contract, that is, (zg,pr) = (1,2). Hence, the selling price
for the high type is 2 and high types that buy receive the full quantity.

Now, we find the optimal quantity and price for the low type buyer. Given the contract for the high
type, the seller’s profit is given by:

1 2 1
gxa:Lx(pL—l)x(2—pL)—|—§><§><(2—1),

where z, € [0,1] and py, € [1,2]. We need to ensure that the menus are interim incentive compatible.

The low to high incentive constraint is always satisfied (py equals 2), and the high to low incentive

x(5 2)>1>< ><<5 )
- — — X T - — .
=5 L B pL

constraint is given by:



Profit maximization implies that this constraint must be binding, and therefore, the seller’s profit

becomes:
1 (pr—1)x2-pr) 1

3 5—2pr, 3
The first order condition yields an optimal price equal to (5 — \/3) /2 which, in turn, delivers a profit of

2/3 —1/(2v/3). The improvement of the sequential contract versus the optimal static contract is then
1—+/3/2~13%.

From this simple exercise we learn an important lesson: even in a simple setting a sequential contract
can have substantial benefits over a static contract. In this paper we study more generally when a

sequential contract outperforms a static contract and what drives this revenue improvement.

4 Optimality of Static Contract

First, we start by characterizing conditions under which it is optimal not to screen the interim types. In
the main theorem of this section we provide a necessary and sufficient condition for the static contract
to be optimal. We begin with a reformulation of the problem based on standard techniques that use
the envelope theorem, and enables us to solve for the allocation and utilities of the lowest ex-post types
instead of both allocations and transfers. Using the reformulation we characterize the optimal static
contract. In Section 4.2, we use the optimal static contract together with a simple deviation analysis to
obtain an intuitive necessary condition for its optimality. In Section 4.3, we show that this condition is

both necessary and sufficient.

4.1 Problem Reformulation and Static Solution

We obtain a more amenable characterization of the constraints by eliminating the transfers from the

them as in the classical Myersonian analysis.

Lemma 1 (Necessary and Sufficient Conditions for Implementation)

The mechanism (x,t) satisfies (IC?),(IC*P) and (IR®P) if and only if
1. k() is a non-decreasing function for all k in {1,..., K} and
uk(0) = uk(0) + /06 xp(z)dz, Vke{l,...,K},V0 € 0. (1)
2. uk(0) >0 for all k in {1,...,K}.
3. uk(0) + f@ 2(2)Fr(2)dz > up (0) + f@ 2 (2)Fr(2)dz for all k,K' in {1,..., K}.

10



All proofs are provided in the Appendix. The first condition in the lemma is the standard envelope
condition and it comes from the ex-post incentive compatibility constraint. The second condition is
derived from the ex-post individual rationality constraint and the fact that ug(f) is non-decreasing.
The third condition is the envelope formula inserted into the interim incentive compatibility constraint.

Lemma 1 enables us to obtain a more compact formulation for the seller’s problem. Specifically,
we can use equation (1) and integration by parts to write down the objective of (P) in terms of the
allocation rule x and the indirect utilities {uy(0)}2, of the lowest ex-post types. To this end, we denote
each uy(0) as a new variable by ug. The new formulation is then:

K K
TSR SIS S ENCINEIACE (P)
k=1 k=1 ©

0<x<1

st x(0) non-decreasing, Vk e {l,...,K}
w >0, Vke{l,... K}

ug —i—/ 11(2)Fr(2)dz > up +/ rp(2)Fr(2)dz, Vk K €{1,...,K},
© ©

Note that in (P) the variables are the allocation rule x and the vector of the indirect utilities of the
lowest ex-post types u. Once we solve for these variables the transfers are determined by equation (1).
As we mentioned before, a solution to (P) that screens the interim types is a sequential contract.
In contrast, a static solution to (P) pools the interim types. Formally, we say that a solution to (P) or
contract is static when zy(-) = z(-) and uy = u for all k in {1,..., K}.
We earlier defined the virtual valuation p;(-) of interim type k. Given (DHR) the virtual valuation
for each type k has exactly one zero which we denote by /ék Without loss of generality we assume for

the remainder of the paper that we can order the interim types:
0, <-- <0k,

It turns out that solving (P) over the space of static contracts is a simpler problem. The (IC*%)
constraints disappear from the problem because in this case there is effectively only one interim type.
Also, it is clear that any optimal solution sets ux = 0 for all £ in {1,..., K'}. So, the static version of

the seller’s problem is given by

0<z<1

max / x(z) - <§:akﬂk(z)fk(z))dz (P?)
© k=1

s.t x(f) non-decreasing,

11



where a simple calculation shows that the term in parenthesis is equal to the virtual value function of
the mixture distribution times the density function of the mixture. Hence, this problem corresponds to
the classic optimal mechanism design problem applied to the mixture distribution over types.

From this formulation we see that the relevant quantity that shapes the allocation z(-) is f(f) =
Zszl agi(0) fr(0). In general, because there is only one buyer, independent of any regularity assump-

tions imposed over [i(#), one can show that an optimal way to choose a non-decreasing allocation z(-)

that maximizes
JECLOrD (2)

is a threshold allocation, that is, a single posted price (see, e.g., Myerson (1981) or Riley and Zeckhauser

(1983)). We summarize this in the following lemma.

Lemma 2 (Threshold Allocation)

A solution to (P*) is a threshold allocation characterized by 0 in [01,0x] that mazimizes (2).

4.2 A Necessary Condition

In the rest of this Section and the next Section 5 we provide our results for the setting with binary
interim types. We denote the low type by L and the high type by H. In Section 6 we return to the
general setting with finitely many interim types.

The static optimal solution is characterized by a threshold allocation 9. In this section, we leverage
this characterization to deduce an intuitive necessary condition for the optimality of the static contract.
As we will show later in Section 4.3 this condition turns out to be not only necessary but also sufficient.

For ease of exposition, we assume that the high type dominates the low type in the hazard rate

order sense:

1= Fu(0) 11— Fr(0)
fu@)  —  fo()

We note that we do not need this assumption for the formal arguments.

, V8eo. (3)

Suppose now that a static contract is optimal, that is, setting a single posted price equal to 9 for
both types solves (P). Consider Figure 1, where we have plotted the virtual value function weighted by
the density function for each type.? If the types were public, the seller would optimally set posted prices
equal to /Q\L and 51{ for types L and H, respectively. In this way, the seller would serve buyers if and only

if they have positive virtual values. In contrast, when selecting a single posted price 5, there is surplus

“We needly represent the virtual valuation weighted by fx(-). This does not change the signs in the figure but gives a

convenient geometric representation.
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4 .
valuation

Figure 1: Weighted virtual valuations for low type (dotted line) and high type (dashed line) buyer
around #. The shaded areas correspond to the virtual revenue that the seller leaves on the table when

using a static contract with respect to the case in which the interim types are public information.

that the seller is not extracting; the shaded area shows the regions of the virtual valuations for each type
that the static contract is not capturing. For the high type, the static contract serves too many buyers,
some of them with negative virtual values; hence, the seller would be better off by offering a higher
price. For the low type, the static contract serves too few buyers, leaving positive virtual value buyers
unserved; hence, the seller would prefer to choose a lower price. A challenge, though, is that the seller

faces incentive compatibility constraints that restrict this type of possible deviations/improvements:

1. Selling to fewer high types implies increasing the price for high types; but then the high types

have an incentive to accept the low type contract and such a deviation is not feasible.

2. Selling to more low types amounts to reducing the price from 9 to some value f1. However, to
prevent the high types from taking the low type contract the seller must decrease the quantity

offered to the low types (or equivalently, randomize their allocation).

This second improvement is feasible by choosing a quantity (probability) 0 < x; < 1 to all low types
inside an interval [0, 02] with 6; < 9 < 65, see Figure 2.

Formally these allocations correspond to the following menu:

0 iff<o, R
0 ifh<é,
zp(0) = qzp if 6, <0<0,, zu(0)= R (4)
1 ife<e;
1 if 05 < 0;

13
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Figure 2: Weighted virtual valuations for low type (dotted line) and high type (dashed line) buyer
around #. The shaded areas correspond to the virtual revenue that the seller leaves on the table when
using a static contract with respect to the case in which the interim types are public information. We
show deviation from the static contract for the low type (solid line). If A — B > 0 the deviation is

profitable.

with uyr, = ug = 0. We refer to this deviation as an interior variation or improvement.
The interior improvement is feasible only if it satisfies both incentive compatibility constraints.

Inserting the menu (4) into the incentive constraints in (P) we obtain for the low type:

62 Omax Omaz
mL/ (1= Fu(6))d6 + / (1= Fu(60))d0 > /A (1= Fy(6))do,
01 02 0
and for the high type:
Gma,c 92 Gmaac
/A (1—Fg(0))do > mL/ (1—Fy(0))do + / (1 —Fg(0))do,
0 01 02

and/or in a more compact form as a bracketing inequality:

Ji (L= Fe(O)do _  _ fg*(1 = Fu(6))d0 -
SO = FL0)de T [P0 - F(0))de’

which contains both incentive compatibility constraints. The monotone hazard rate condition (3) guar-
antees that xy, as in given by (5) always exists. The interior variation is thus feasible and we can select

7, so as to maximize the seller’s revenue.

Indeed, evaluating the interior variation in the seller’s objective yields:

emax

02
v [ @@+ [ w000,

1 02
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and since puy(0) > 0 in [01,02] (c.f Figure 2) the right hand side inequality in (5) must be tight.

With the interior variation, the seller serves more low-value buyers in [91,5] at the level of zy. This
comes at the expense of offering a lower quantity, a loss of 1 — xy, to buyers with values in [@, 6s]. In
Figure 2 the area A corresponds to the additional revenue the seller can make due to the variation
because he is serving more low type buyers, and region B is the efficiency loss due to the incentive
constraints.

If the static contract is optimal then this variation cannot be profitable. In terms of Figure 2 this

means the areas must satisfy A < B. Hence, if the static contract is optimal then

02

0
A=y /9 i (0)f1(6)d6 < (1 — wp) - /9 i (0)f1(0)d0 = B.

In turn, since the optimal choice of x always equals the right hand side of (5), we can insert zy, in

terms of the ratio, and after some re-arranging we get

o, 12 (OVFLO)d0 1y (O)fr ()
Jor (1 = Fra(o))an ~ J5* (1= Fua(©)df

(6)

To better understand this inequality consider a monopolist who faces a consumer with valuation dis-
tributed according to Fj(-). Observe that at some price 0, the expected profit II;(6,) the monopolist

makes and the expected consumer’s informational rents I (6p) are given by

emaz emaz
00 200 (1= Fu@) = [ ml@)@)ds and 16) 2 [ (1= Fi(6) db
Oy s
If the monopolist considers lowering the price from 6} to 6, then the change in profit is I (0,) — I (03).
The lower price positively impacts the information rents which increase by Ix(0,) — Ix(6p). The ratio
(I (04)—T1x(0y)) /(15 (04) —Ix(0p)) then is a measure of the average impact in profits per unit of consumer
rents the seller experiences due to the price variation. In condition (6) we have a cross version of this

ratio. In the numerator we take £ = L and in the denominator k = H. In light of this observation

condition (6) suggests the following definition.

Definition 1 (Average Profit-to-Rent Ratio)
The average profit-to-rent ratio is defined by:

o T1(6,) ~ T1;(6)

ik
R7%(0,,0p) I1.(0,) — I(6)

Vj,kG{L,H}, Ogaagabgem(zx-

The average profit-to-rent ratios measure changes in the seller’s profit normalized by the information

rents he gives away to the consumer due to a price deviation. The ratio R/* compares the impact on
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profit for type j with the increase in the information rent for type k. This cross ratio arises as the
incentive compatibility constraint for type k£ implies that a modification in the contract for type j
affects type k as well. This was clear from our discussion regarding the internal variation above. There,
a price 1 (smaller than ) ) for the type L creates a profit improvement for the seller measured by the
numerator of R. Since the seller has to make sure that type H does not take the type L contract (by
reducing quantity), this price decrease generates a loss to the seller quantified by the denominator of R.

Back to (6) we notice that the numerator in either ratio refers to the revenue that the seller is
making from the low type over some interval, and the denominator refers to the information rent of the
high type over the same interval. Now, since the choice of 01,85 was arbitrary, we obtain the following
necessary condition by taking minimum and maximum at both sides of the inequality in (6). If the
static contract is optimal then

max RLH(91,§) < min RLH@\’ 02), (7)
91S9 0 02

The above condition establishes that if the static contract is optimal then any extra revenue the
seller can garner from low type buyers is offset by the efficiency loss due to the incentive compatibility

constraints: A — B < 0 for any possible choice of #; and 6.

4.3 A Necessary and Sufficient Condition

We now establish that condition (7) is in fact a necessary and sufficient condition for the optimal static
solution to coincide with the optimal solution to (P). Before we provide the main theorem, we introduce
some notation for the quantities of interest that will help us to further refine our intuition. While we
maintain the binary type framework here; we note that all definitions naturally extend to finitely many
types as we will see in Section 6.

The local version of the average profit-to-rent ratio, when 6, < 0 < 0 are close to 5, gives raise to

the profit-to-rent ratio.

Definition 2 (Profit-to-Rent Ratio)
The profit-to-rent ratio between type j and k is defined by:

rjk(@) Y m, Vi ke {L,H}, V0 € ©.

The ratio 77%(6,) is obtained by limg, 19, R7*(0,4,0,). Observe that condition (DHR) is stronger than
and implies that r**(6) is non-decreasing for each k € {L, H}. The latter is the condition we use for

our formal results.
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Now, we are ready to state and discuss the main result of this section.

Theorem 1 (Optimality of Static Contract)
Suppose ¥ (0) is non-decreasing for each k € {L, H}. The static contract is optimal if and only if

max R“7 (0,0) < min R (8, 6). (APR)
<0 0

)
~E

This results completes the necessity condition given in Section 4.2 by showing that it is also sufficient.
We showed in Section 4.2 that condition (APR) established that the specific deviation that increases
the sales to the lower type with a lower quantity is not profitable relative to the static contract.

Theorem 1 now establishes that in fact this is not only a necessary but in fact a sufficient condition.
The sufficiency condition is noteworthy as it arises from “simple” deviations, namely, those that assign
the low type an interior allocation in a small interval around the static optimal price. In particular,
we do not need to be concerned either with more elaborate deviations which offers the low type several
options in his menu, nor do we need to trace simultaneous changes to the offers to the high type. The
present theorem confirms that this type of interior improvement for the low type is sufficient to study
changes in the seller’s revenue. In fact, we will establish in Section 5 that the family of allocations
suggested by the interior variation completely describes the optimal sequential mechanism as well.

To prove the sufficiency in Theorem 1 we rely a on dualization-type of argument. For the necessity,
we assume that condition (APR) is not satisfied and show that in that case there is a profitable deviation

as given by the following proposition.

Proposition 1 (Revenue Improvement)

Suppose rEE(0) is non-decreasing. Assume condition (APR) does not hold. Then there exists 61,0
such that 6, < 6 < 0y and RLH(Hl,/H\) > RLH(/H\, 02), for which the allocation in (4) with

ng Fy(2)dz
L= 70—
f:f Fy(2)dz

yields a strict improvement in (P) over the static contract.

In the proof of Proposition 1 we can see that as soon as condition (APR) breaks two things happen.
First, a non-static contract becomes feasible as it does not violate the incentive compatibility constraints.
Note that the proposition is similar to the discussion in Section 4.2; however, it is more general because
it does not assume hazard rate order to guarantee feasibility. The mere fact that (APR) breaks implies
the feasibility of the new allocation. Second, the same contract obtains a larger expected revenue than
the static one. So, from this we see that (APR) is preventing both the feasibility and optimality of a

sequential contract.
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4.4 The Exponential Example

Before we move to the study of the optimal sequential contract it might be helpful to build some more
intuition for the results. We shall consider the case of exponentially distributed values. The main result
of this section establishes that the static contract is optimal if and only if the mean of the interim types
are sufficiently close.

We consider the exponential density functions
fu@) =Me™0 k={L H} 6>0.

We assume A\;, > Ap, so L and H stand for low and high type respectively. Note that H has a higher
mean (1/Ag) than L (1/A\z) and that H dominates L in the sense of the hazard rate stochastic order
and in first order stochastic dominance. In addition, for the interim probabilities we have o, +ag = 1
with ap,ag > 0.

We begin by studying the optimal solution to the static formulation. The optimal static contract
is given by a threshold allocation. Thus, in the exponential case the seller’s expected revenue for any

given threshold @ is

1
[static(g) & /9 (appp(2)fr(2) + agpy(2) fu(2))dz = apfe 1% 4 aghe 1Y,

In order to find the optimal threshold we just need to maximize the expression above. The first order
condition yields

1 1
an(0 — e M 1 a0 — —)Age 19 =0, (8)
)\L )\H

that is, the optimal threshold is a zero of the mixture virtual valuation. Notice that equation (8) cannot
be explicitly solved; however, we can (as we do in the forthcoming results) provide comparative statics.
Interestingly, in Proposition 3 below, we show that we can obtain explicit expressions for the thresholds
characterizing the optimal sequential contract. The following lemma provides some initial properties of

the optimal static contract.

Lemma 3

The optimal solution to (P?) is a threshold allocation characterized by 9 in [ﬁ, i], solving (8). Also,

0 is a non-increasing function of o, with 0(0) = i and 5(1) = i

Next, we state a necessary and sufficient condition for the static contract to be optimal.
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Proposition 2 (Necessity and Sufficiency for the Exponential Model)

The static contract is optimal if and only if
1
=i < 5 (9)

The result follows from Theorem 1, but it requires some effort to determine the max and min in
(APR) in closed form. We note that in the right hand side, 5, is a solution to equation (8) and, therefore,
it also depends on the parameters A\;, and Ag. Subsequent corollaries provide sharper characterizations
that only depend on model primitives. We highlight that (9) corresponds to a particular case of condition
(APR).

Proposition 2 provides an intuitive characterization for when the seller is better-off screening the
interim types than not. In terms of equation (9), when A7, and Ay are sufficiently close, then equation
(9) should hold, in which case the static contract is optimal. Conversely, when A7 and Ay are sufficiently
apart from each other, the static contract may not be optimal.

Intuitively, when the interim types are similar any contract that screens the types would be close in
terms of expected revenue to the static contract because for each type it could get at most what it would
get by setting thresholds 1/Ap and 1/Ay respectively, but 0 e [i, i] However, when screening, the
seller has to pay an extra cost to prevent the types from mimicking each other and, since the contracts’
revenue will be similar, it is likely that this cost offsets the earnings from screening. On the other hand,
when interim types are sufficiently apart in their mean valuation then the seller can tailor the contract

to each type and in this way extract more from them than in the static contract.
Corollary 1 Assume A\, € (Am,2Ag]|, then for any ar, € [0,1] the static contract is optimal.

This result establishes that when the distributions of the low and high type buyers are sufficiently
close to each other then no matter in which proportion the types are, the static contract is always

optimal.

Corollary 2 Assume A\, > 2\p, then there exists & € (0,1) such that for all ar, € (0, &) the sequential

contract is strictly optimal and for all oy, € [a, 1] the static contract is optimal.

Corollary 2 asserts that when the mean of the low and high type buyers are sufficiently different
then both contracts can be optimal. If the proportion of low type is low enough (but not zero) then the
seller is better-off screening the types. On the other hand, if there is a very large proportion of low type
buyers then the static contract is optimal. This follows because as «j, increases, one can show that [

decreases, and at some point condition (9) holds. This discussion suggests our final corollary.
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Corollary 3 For Ay and oy fized, there exists i, larger than 2\g such that for all A, € [;\L,oo) the

sequential contract is strictly optimal.

4.5 Discussion

We introduced earlier the condition (DHR) which establishes that the hazard rates

T A ()
PO ="F0

are non-increasing when j equals k. A related condition is about the cross-hazard rate functions,
h7*(9) are non-increasing in 6, Vj, ke {L,H}. (R)

To the best of our knowledge condition (R) was first introduced in the context of sequential screening
by Krahmer and Strausz (2015). In that paper the authors show that under condition (R) the optimal
solution to (P) and to (P*) coincide, that is, the static contract is optimal. In fact, they show this result
for multiple interim types. We discuss our generalization of condition (APR) to multiple types in Section
6. However, condition (R) is rather restrictive and is not satisfied by some common distributions. For
example, the condition is not satisfied by any pair of exponential distributions, because in this case the

cross-hazard rate is given by:
—(Ae—X;)0

Aj

e

hik(9) = . j. k=1L, H.

If, without loss of generality, we consider Az, > Az then R (f) is an increasing function and, therefore,
it violates conditions (R). However, notice (DHR) is satisfied because the simple hazard rate functions
are constant and equal to 1/\.

We can also compare Theorem 1 with Lemma 12 in Krdhmer and Strausz (2014). In that Lemma
they assume A (0) > hL(6), which implies 6 < 6y, and establish that a necessary condition for the
static contract to be optimal is to have the profit- to-rent ratio r“ () being increasing at 6. Our result
also contains this lemma, because if 7# (-) was decreasing at 6 we can always find 61 < §and 6y > 6
such that

RM(6,,9) > RM(9,6,),

so (APR) does not hold and, therefore, the static contract would not be optimal. Figure 3 illustrates

how our condition (APR) closes the gap between the ones by Krdhmer and Strausz.
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(DHR)

Kramer and Strausz =
Necessity rEH () non-decreasing at 6

This paper
Sufficiency and Necessity

1 1

| .

1 1

1 1

1 1
Kramer and Strausz ! ! Outside this set the static contract
Sufficiency ' (R) ' is no longer optimal.
' '
1 1
1 1
1 1

Figure 3: Optimality of the static contract for (DHR) distributions, with K = 2 and a single buyer.

We can compare condition (R) and (APR). Note that condition (R) implies the monotonicity of the
profit-to-rent ratios, and therefore condition (APR) holds as

5
_ fo Fr(2)r 1 (2)dz < LHGG

R (9,9) - @), Vo<,
fea Fr(2)dz
and ;
~ o F LH(2)d N .
RM(9,0) = Jo Zl(f)r (2)dz > rLH(G), Vo > 0.
f@ Fr(z)dz

Hence, the result by Krahmer and Strausz (2015) that if condition (R) holds then the static contract
is optimal follows as a corollary of Theorem 1. We highlight that while condition (R) implies the
profit- to-rent ratios are increasing, our condition (APR) only implies a type of monotonicity over an
appropriate weighted average of the profit-to-rent ratios. This is sensible as we are dealing with interim
expected seller’s revenues and interim incentive compatibility constraints.

In terms of methodology, our approach differs from that of Kriahmer and Strausz (2015). Their
approach consists of relaxing the low to high interim IC constraint and then — by using their condition
(R) — they relax the monotonicity constraint and prove that the solution must be a threshold schedule
for each type. From there, they show that the threshold for both types must be equal and, therefore,
the static contract is optimal.

In our approach we do not use a relaxation of the general formulation nor do we impose conditions
on the primitives besides that 7¥*(6) are non-decreasing. For the sufficiency we construct a Lagrangian
relaxation with multipliers for the incentive compatibility constraints, but we do not relax the mono-
tonicity constraints. The multipliers relate to the profit-to-rent ratios at the static threshold 5; they
measure the change in the objective per unit of change in the constraints. Then by leveraging a result

from Riley and Zeckhauser (1983) that the optimal contract must involve a threshold allocation we
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prove that under (APR) the solution to the relaxation is the static contract.

5 Sequential Contract

We now proceed to provide the complete characterization of the optimal sequential contract when the
necessary and sufficient condition associated with the static contract fails. As hinted in Section 4.2 and
by Proposition 1 the optimal sequential contract gives a deterministic allocation to the high type and,

for mid-range values, it randomizes the low type buyer (or equivalently reduces the quantity allocated).

5.1 The Structure of the Sequential Contract

Our analysis consists in studying the following relaxation to (P)

= 2wt X o [ almEh): (Pr)

0<x<1
- ke{L,H} ke{L,H}
s.t xp(0) non-decreasing, Vk e {L,H}
wp > 0,k € {L, H}

ug + /@xH(z)FH(z)dz > up, +/@xL(z)FH(z)dz.

The difference between (Pr) and the original problem (P) is the omission of the incentive constraint
for the low type to report truthfully. Importantly, we do not relax the monotonicity constraint. We

obtain a characterization of the optimal solution to (Pr) as stated by the following theorem.

Theorem 2 (Relaxed Solution)
Suppose 7°*(0) is non-decreasing for each k € {L, H}. Consider problem (Pg), the optimal solution has

allocations

0 iff <0,
0 iff <0y,
27(0) =z if61 <0<0y, aH0)=
1 if0y <0
1 if 0y <6

The threshold values 01,0, 02 satisfy b\L <O <0 <6y, 0g < /Q\H and

02 Fr(2)dz

Ty = —(p ————.
9912 Fp(2)dz

Note that if 81 = 6 we recover the static contract. Importantly, the optimal contract of (Pr) has

the same structure as the profitable deviation to the static contract presented in Proposition 1. The
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only difference is that in the former the threshold for the high type may not necessarily equal to 0 as
in the latter. With this generalization one can show that the proposed profitable deviation is indeed

optimal for (Pr). The associated transfers are given by:

0 if 0 <01,
. . 0 iff<0y,
t5(0) =146, a2y if0; <O <6y th(0)=
Oy if6g <0.
92—(02—91)'1‘L if@g <9;

Our optimality proof adapts arguments by Fuchs and Skrzypacz (2015) to our setting. We use an
improvement argument to show that the optimal contract of (Pr) only requires a simple threshold
allocation without randomization for the high type. Finally, we use another improvement argument to
show that the low type allocation only requires a single interval of randomization.

More specifically, consider a low type allocation that randomizes between an interval [0, 05]. Recall
the argument in Section 4.3 where we found a revenue improvement while keeping feasibility, in par-
ticular, while maintaining the high to low IC constraint. Using a similar reasoning, we can show that
feasibly improving upon the random allocation requires the following condition to hold for some 6:

0+ 0 =
_ Jo., Fu(z)rt (2)dz _ J5" Fu(z2)r (z)d=

RM(9,.0) — < )
f:a Fr(z)dz fé *Fr(z)dz

= RML(6,6,). (10)

In general this condition is not satisfied, because the profit-to-rent ratio r“#(-) does not need to be a
non-decreasing function. Therefore, we cannot find a feasible improvement over the random allocation
contract, and hence, we cannot restrict attention to deterministic contracts for the low type. In contrast,
a similar argument for the high type yields the expression R (6,,0) < RFH (0, 6,), which always holds
when 7 (.) is non-decreasing. Hence, we can restrict attention to a deterministic threshold contract
for the high type.

In addition, the low type allocation only requires a single interval of randomization. To see this,
suppose for example that z7(6) equals z, in (Qa,é) and xp in (é,@b) with 0 < 2z, < zp < 1, and
also assume (10) does not hold. Then, it is possible to show that we can increase x, and decrease x;
(maintaining feasibility) and obtain an improvement to the objective function. We can do this until z,
and xp collapse into a single value.

The discussion above highlights again the importance of the average profit-to-rent ratios in our
analysis, as they quantify revenue improvements while maintaining incentive compatibility. Now, the

next result characterizes the optimal sequential contract and it also provides conditions that allow to

compute the optimal thresholds.

23



Theorem 3 (Optimal Sequential Contract)
Suppose r**(0) is non-decreasing for each k € {L,H}. The optimal sequential contract coincides with

the optimal solution of (Pr) as given by Theorem 2.

In Theorem 2 we provided the characterization of the optimal solution to (Pr). In the proof of
Theorem 3 we argue that the optimal solution to (Pg) is feasible for (P) and thus optimal. In turn, we
obtain a full characterization of the optimal sequential contract up to three parameters.

In terms of solving for the optimal sequential contract, Theorems 2 and 3 imply that we can ignore
the IC constraints and do a search over three parameters to maximize seller’s revenues over the proposed
contract structure, 61,605 and 0. In the proof of Theorem of 3 we show that the optimality conditions

for the thresholds 61 < 0y < 05 are:

1. RLH(QL 92) S min92§9 RLH(HQ, 9)7
2. maXQSQQ RLH(9702) S RLH(Gl, 92);

3. ar - RFHE(01,05) + agrf®(0y) = 0.

Conditions (1) and (2) put together are similar to (APR) where 02 plays the role of 6. Similarly to
the case of the static contract, one can show that any allocation that randomizes beyond 65 is never
profitable. In turn, randomization should only occur for valuations below 6. Condition (2) by itself also
implies that among all the intervals that can be randomized, the interval (61, 65) is the most profitable.
To see this let us compare the seller’s revenue when it randomizes the low type buyer over some interval
(0,02) and (01,02) (and it gives a deterministic allocation to the high type). Using Theorem 2 the

allocation xy, that satisfies incentive compatibility in each case is:

02 = 02 &=
Fr(z)dz Fr(z)dz
zi(6) = 7f9;f( M an0)) = 7f";f’( 1
Jo? Fu(z)dz o, Fr(z)dz

Hence, doing a revenue comparison, we conclude that randomizing the low type buyer over (61, 62) is

better than over (6, 62) if and only if

> Fr(z)dz o 2 Fu(z)dz o
m /0 pr(2) fr(z)dz < m '/9 pr(2) fr(z)dz,
0 01 1

equivalently, R (6,05) < R (61,605) for arbitrary § < #y which is exactly condition (2). Finally,

condition (3) is simple a first order optimality condition on 0.
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It is interesting to note that in the optimal solution the low type buyers are allocated the object
over a larger interval (f; < ) but they are randomized. This is done as a way to prevent the buyers
from mimicking each other. Specifically, we must have 61 < 0; otherwise, the low type buyers would
have an incentive to pretend being the high type since that would get them allocated the object more
often and at a lower price. Similarly, g < €5 otherwise high type buyers would choose the low type
contract for a better allocation and a lower price.

It is worth noting that the sequential contract makes the low type worse-off and the high type
better-off with respect to the contract the seller would offer if he could perfectly screen each type. For
the low type, that contract would set a threshold equal to @L and would always allocate the object when
her value is above the threshold. However, the sequential contract allocates the object to the low type
whenever her valuation is above 67 > §L with positive probability. So the low type is worse-off in two
dimensions, it is allocated the object less often and with less probability. On the other hand, the high

type buyer gets allocated the object more often and with certainty since 6y < §H

5.2 The Exponential Example Continued

In Section 4.4 we studied the properties and structure of the optimal static contract for exponential
valuations. In particular, we applied our necessary and sufficient condition to this family of distributions

and obtained an intuitive characterization.

Proposition 3

Assume condition (9) does not hold, then the optimal allocation is

0 iff <6y, 0 <0y,
x7(0) = Y and 2y (0) =
xz if 01 <0, 1 iffg <80,
The thresholds are given by:
1 a; et
01 = d p=—————
! )\L_)\H an = )\H [072) AL_/\H’

with 01 < 0. The probability of receiving the object for the low type is:

1 ap e 1 1 D (1)

x:eXp<_)‘H[E_@AL—)\H_)\L—AH

This result follows from Theorem 3 and the characterization of the three free parameters that follow.
We note that in the exponential case we only have two intervals for the low type’s allocation as we can

show that 69 = co.
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We now illustrate our findings with numerical results where we vary the difference in the mean
between the low and the high type. Specifically, we fix aj to be 0.7 and Ay to be 0.5, that is, the
high type has mean 2. Since we are assuming Ar, > Ag, we consider A\, = Ay + d with § > 0. Figure
4 shows how the different thresholds vary as d increases or, equivalently, as the mean of the low type
decreases to zero. As we can see, there is a value of 0 (6 =0.93) to the left of which the static contract
is optimal and to its right the sequential contract is optimal. This aligns with Proposition 2 because as
J increases, (A, — Apg) increases, and therefore, we expect it to be larger than 1 /@ (see Corollary 2 and
Corollary 3). At a more intuitive level as § increases both distribution become more and more different
from each other with one of them having a larger average value than the other. Thus, there is gain in

screening the types.

Static optimal Dynamic optimal

Figure 4: Optimal thresholds for static and sequential contracts when setting A\, = Ag+46, with ap = 0.7
and Ay = 0.5.

In terms of thresholds, for the static contract we observe that 0 is decreasing at the beginning and
then it increases getting closer to 1/ Ay = 2. This happens because as we increase 6 we are making 1/Ar,
smaller; however, at some point this value is too small and, therefore, the probability of allocating the

)‘Lg, is going to be so low that the seller will be better

object to a low type, P(value low type > 5) =e"
off by choosing a threshold tailored for the high type, that is, close to 1/Ay = 2. For the sequential
thresholds, the one for the low type is decreasing while the one for the high type is increasing. This
makes sense because in the sequential case the seller can adjust the threshold for each type; hence, as §
increases the distributions become more and more different and, therefore, is optimal to set thresholds

closer and closer to the threshold a seller would set if he knew the types in advance, that is, 1/A;, and

1/Am. Also, note that from equation (11) we see that z is a decreasing function of § because as the mean
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of the low type goes to zero we are less and less constrained to offer a high probability of allocation;

however, in the limit 2(6) ~ e~!, hence even though the low type buyers will have values concentrated

at zero we still need to reduce their quantity so that high types do not take their low price contract.
We can also compare the different mechanism in terms of revenue. Note that with the contracts

from Proposition 3, the optimal revenue for the sequential contract I1I°°? can be shown to be equal to:
%9 = o -2 01 - e M fag -0 - e 1%,

Then, we can plot the different revenues as we vary §. Figure 5 (left panel and thick line in right panel)
depicts the results. For values of § above 0.93 the sequential contract dominates the static. Further
the sequential contract can achieve a significant improvement over the static contract, getting as high
as 16.5%. Note that when 0 grows large the improvement of the sequential over the static decreases
because both contracts set the thresholds to maximize what they can extract from the high type buyer.
Actually, with some abuse of notation, we have that

6_1

lim I1°¢9(5) = lim IT%%¢(§) = a—

d—o00 d—00 Al ’

which equals the optimal revenue a seller could make if he was only selling to the high type buyer. The
right panel in Figure 5 shows the revenue improvement for different instances as we vary ay. Consistent
with Corollary 3, given ay and Ay, there exists A\, large enough such that the sequential contract is
strictly better than the static one. The figure also shows that the larger « the larger has to be the
difference between the types for the sequential and static contracts to differ. When «y is large 0 is
tailored for low types and so (9) holds for more values of A\;. However, screening occurs when the mean
of the low type is sufficiently small (¢ large) in which case, due to the low values and high fraction of the

low type, the revenue improvement can achieve better percentage performance (e.g., 27% for a, = 0.9).

5.3 Menu Implementation

Next, we discuss how the optimal sequential contract can be implemented in practice. By means of the
taxation principle we can verify that the following menu of contracts is an indirect implementation of

our optimal mechanism:

e contract H: there is a single posted price of pg = 0p;

e contract L: the buyer can choose between two items:
(a) buy at a price of pr, = 01 - x1, and be allocated with probability xy,.
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Revenue %
N static
Static (H ) an — 100 %

(Hseq 7Hstat10)
T[static

oy = 0.9
0.58

--- Sequential (Hseq)

0.22+

Figure 5: Left: Optimal expected revenue for static and sequential. Right: Percentage improvement of
the sequential over the static contract. In both figures we set set A\, = A + 0 with Ay = 0.5. In the
left figure we set a;, = 0.7 while in the right figure oy, takes values in {0.3,0.5,0.7,0.9}.

(b) buy at a price of p;, = 03 — (f2 — 61) - z1, and be allocated with probability 1.

The prices in the above menu of contracts are set using the values in Theorems 2 and 3. This
implementation offers a posted price to the high type buyer, and gives to the low type buyer two
options. In option (a) the low type buyer can pay a low price but it can potentially not acquire the
item or equivalently, get a reduced quantity; in (b), the low type buyer pays a high price and always
gets the object.

An appealing feature of the implementation is that if we think of allocations as quantities, then we
can order the per unit prices. In contract L, the per unit prices are 6, and 01 -z, + 62 - (1 —x) for (a)
and (b), respectively. Hence, the per unit price in (a) is less than or equal to the one in (b). That is,
the low type in (a) receives less of the good but at a discounted price compare to the low type in (b).
For contract H, the per unit price is 05 and, since 6; is less than or equal to 0, the low type in (a)
receives less of the good at a discounted price compared to the high type buyer. Comparing the per
unit prices of the low type in (b) and the high type is less straightforward. Even-though 6 is between
01 and 02 we are not able to compare it to 01 - xp, + 03 - (1 — x1). However, intuitively, even if the high
type puts a large mass in values larger than #s we expect the per unit price of the high type to be below
the one of the low type in (b) because, otherwise, the high type buyer would have an incentive to take
contract L. Equivalently, the high type or the low type in (b) have to pay a premium for the additional
quantity. We can also refer back to the exponential case of Section 4. From Proposition 3, the premium

the high type has to pay is given by 0y — 61 = log(1/x1)/Ag and, therefore, the larger the quantity
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the lower is the premium. Finally, note that this implementation accommodates the case in which the
static contract is optimal. In that case, we have z; = 1 and 67 = 6y = 65 thus both contracts are the

same.

6 Multiple Types

Until now, we have studied the optimality of the static contract and the optimal sequential mechanism for
two types of interim buyers. In this section, we consider an arbitrary number of interim types {1,..., K}
and investigate some properties of the solution to (P). In particular, we provide a generalized version
of condition (APR). Then, we provide numerical evidence and highlight the challenges associated with

the characterization of the optimal sequential mechanism when K > 2.

6.1 A Necessary and Sufficient Condition

Our generalized necessary and sufficient condition relies on a characterization of the changes in the
objective around the static solution when considering allocation deviations. With this purpose, consider

the following set:

AL {()‘ij)i,je{l,---,K}Q >0:) Nk "Fi(0) = ag - 14:(0) - f1(0) + Fr(0) > Nejs
j#k J#k
=Y M= > Nk, ke {1,...,K}}.
J#k J#k

The set A contains the multipliers associated with the IC constraints that encode the change in the
objective as we deviate from the static allocation. Roughly speaking, when the static contract is optimal,
allocation perturbations in the contract of each type should equal the dualized costs associated to such
perturbations in the IC constraints. In other words, the derivative of the Lagrangian with respect
to allocations around the static solution equals zero. This is captured by the set of equalities in the
definition of A. In addition, the set of inequalities ensures that the optimal ex-post utilities of the lowest
valuation buyers are zero. Note that multipliers being in the set A are necessary for optimality. The

next result provides a necessary and sufficient condition.

Theorem 4 (Necessary and Sufficient Conditions for Finitely Many Types)
The set A is non-empty. Furthermore, if there exists a feasible solution to (P) which strictly satisfies

all the IC constraints then the static contract is optimal if and only if there exist (\ij); je(1,... ky> € A
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such that

5 i(z)dz ~ HFj(2)dz
max { a - R*(0,0) = > A - %7 <min < oy R*F(0,0) = > Ajp - 4= 1, (APRM)
0<0 vt [ Fi(z)d= <6 port 3 Fr(z)dz

forallke{l,...,K}.

The strict feasibility to (P) corresponds to a standard Slater condition. Condition (APRM) is
obtained by studying the Lagrangian when the static contract is optimal and disentangling the key
conditions it must satisfy. To obtain a better understanding of this condition it is helpful to see how
it generalizes the necessary and sufficient condition provided in Theorem 1 for two types. The general

condition of Theorem 4 in the binary case becomes

57

~ F d ~ Fa(z)dz

max {al -RY™(0,0) — Ay - W} < min {al -RY™(6,0) — My - fzz}, (12)
<0 f: Fi(2)dz =0 f F c

for the low type, and

7—
max { oy - R*2(0,0) — M min ¢ o 22 M
o { 2 R¥(0,0) — Ao ffFQ(z)dz} < iy { 2- R (9 ) — Az - fng(z)dz} (13)

[4

for the high type, where A2 and Ag; belong to A. We next argue that condition (APR) holds if and
only if there exist A2, A\21 € A such that conditions (12) and (13) hold. Suppose (APR) holds. Since
we expect the low to high IC constraint not to be binding we take A1s equal to zero. Because A must
belong to A this necessarily implies that Ao; is equal to a1r12(§). For this choice of multipliers inequality
(13) follows directly from r** being increasing. At the same time, the choice of multipliers together
with (APR) imply that both the max and the min in (12) are equal to zero. To see this consider the
maximum in (12) and take 6 = 0, since Ag; equal to a;72(6) the expression inside the brackets is zero.
Hence, the maximum in (12) is bounded below by zero. It is also bounded above by zero,

97
. Fa(z)dz _ _
a1 R1(0,0) — Ay - w<0@R12(9 0) <r'2(6), vo<d.

f0 F1(2)dz
When (APR) holds the right hand side inequality above always holds. A similar argument applies to the
min. Therefore, the condition provided in Theorem 1 implies APRM for the binary case. The converse
implication follows from a contradiction argument which for the sake of brevity we omit.
The two type case is amenable to this simplification because one can readily solve for the multipliers:
A12 equal to zero is a natural choice (the low to high IC constraints can be relaxed c.f Section 5), and

Ao1 equal to a1r12(5) then follows from the definition of A. Unfortunately, when K > 2 the space of
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deviations is richer and so is the possible selection of multipliers; in turn this precludes such a clear
characterization as in the two type case.

We stress that by judiciously choosing the multipliers it is straightforward to verify that as in the
two type case, condition (R) of Krihmer and Strausz (2015) implies our condition (APRM) also in the
case of multiple types, and thus the optimality of the static contract.

By contrast, a complete characterization of the sequential contract seems substantially more complex
with finitely many types. Next, in the context of exponentially distributed ex-post types, we briefly
describe partial results and highlight the challenges associated with multiple types that already appear

in the numerical analysis.

6.2 The Exponential Example Continued

Despite the challenges that we discuss below, we are able to provide the following characterization

Proposition 4 For exponential valuations the optimal allocations have at most one randomized inter-

val.

Proposition 4 establishes that for exponentially distributed valuation the optimal contract is simple
in the sense that each interim type’s allocation is randomized at most in one interval. The proof consists
on noticing that the monotonicity constraints form a cone, and then using duality and complementary
slackness. It is worth mentioning that the proof method applies more generally but the structure of
the contract in general depends on the values of the dual variables values corresponding to the IC
constraints. In the exponential case, the argument can be simplified to show that the simple structure
in the result arises independent of these variables’ values.

The characterization in Proposition 4 only establishes the structure of the optimal allocations but
it does not provide information on the number of contracts that the optimal solutions will ultimately
feature. For example, if K = 4 Proposition 4 does not say whether the optimal solution will pool the
interim types creating either one, two, three or four different contracts. In general, the full range of
contracts from static to fully sequential (K different contracts ) is possible.

To further explore the structure of optimal contracts we provide numerical results. In Figure 6
we show the optimal allocations when K = 4 and all interim types have exponentially distributed
valuations. A first observation is that for different proportions ay of interim types the optimal contract
can feature different levels of separation. Panel (a) in the figure corresponds to an optimal static contract

(no separation), and panel (d) in the figure corresponds to an optimal sequential contract that features
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(a) (b) (c) (d)

0/ AN 0/\ AN
T 2 3 4 'k 1 2 3 4 'k 1 234 'k 12 3 1 'k
0 0.5 1

Figure 6: Optimal allocations for K = 4, types have exponential distribution with means (2.2,5.0, 12, 50)
respectively (for numerical simplicity, we use truncated versions of these distributions in the interval
[0,60]). In each panel the vertical axis corresponds to buyers’ valuations and the horizontal axis cor-
responds to the interim type. Each bar represents the allocation for each type, lighter grey indicates
lower probability of allocation while darker grey indicates higher probability of allocation. White rep-
resents no allocation and black full allocation. From panel (a) to (d) the fractions, ay, for each type

are: (0.7,0.2,0.05,0.05), (0.4,0.1,0.4,0.1), (0.3,0.2,0.4,0.1) and (0.25,0.25,0.1,0.4), respectively.

a different contract for each interim type (full separation). As a second observation note that out of the
four instances depicted in Figure 6 only one, (d), has four contracts in the optimal solution. Finding the
minimal number of contracts that give a good approximation to the optimal multiple type sequential

contract is a question outside the scope of this paper but that may be of interest to study in the future.

Observe that across the instances in Figure 6 each optimal contract has at most one interval of
valuation for which randomization occurs (c.f Proposition 4). This simple structure of the optimal
contract appears however not to be robust to other specifications of the value distributions. When we
consider the case of normally distributed valuations (using truncated normal random variables), the
optimal contract might exhibit several different intervals of randomization for a given type. In general,
richer contract features may arise when we combine exponential, normal, uniform or other distributions.
As a consequence, generally speaking, it is challenging to analytically characterize the optimal solution.
The challenge here is that classic relaxation approaches used in the mechanism design literature do
not apply in our setting. For example, relaxing all the upward incentive constraints and leaving only

the local downward incentive constraints does not work because in general global downward incentive
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constraints bind. Moreover, binding constraints are highly sensitive to model primitives. Improving our

understanding of this setting may be an interesting avenue for future research.

7 Conclusion

We considered the scope of sequential screening in the presence of ex-post participation constraints.
The ex-post participation constraints limit the ability of the seller to extract surplus. As the buyer has
to be willing to participate in the contractual arrangement following every realization of his valuation,
the surplus has to be extracted ex-post rather than at the interim level.

Despite these restrictions sequential screening generally allows the seller to increase his revenue
beyond the statically optimal revenue. The gains from sequential screening become more pronounced
to the extent that the interim types differ in their willingness to pay. A natural implementation of the
optimal mechanism simply offers the buyer the choice among different menus in the first stage. The
choice of menu in the first period merely restricts the possible choices in the second period. In particular,
it is not necessary to ask the buyer for any transfer before the final transaction occurs. Moreover, the
buyer only has to make a transfer if she receives the object.

In contrast to the static solution where the optimal policy is always to sell the largest possible
quantity, the sequential screening policy offers intermediate quantities. This departure from the bang-
bang policy in a linear utility setting arises due to the presence of the ex-post participation constraint
in conjunction with the incentive compatibility constraints.

There are several natural directions to extend the present work. Our stronger results were for the case
of binary interim types while allowing for a continuum of valuations for each type. We also presented
an extension of Theorem 1 to multiple types as well as a characterization and numerical results for
exponential valuations. We would like to further explore the characterization of the optimal sequential
contract to multiple types and general valuation distributions. An interesting question here concerns
the number of randomization intervals per type and whether the number of intermediate allocations
increases with the number of interim types. Also, is there a fixed number of intermediate allocations
that yield a good approximation to the optimal solution for an arbitrary number of interim types?
Similarly, is there a fixed number of contracts that yield a good approximation to the optimal solution
for an arbitrary number of interim types?

We might also be interested in analyzing how the number of competing buyers may affect the nature
of the optimal mechanism. This has important practical consequences particularly in industries that use

market mechanisms like auctions, such as display advertising alluded at the beginning of the paper. We
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note that this extension is not direct, because with multiple buyers we lose the threshold structure of
the optimal static allocation when the mixture distribution is not regular and ironing may be required.
However, we conjecture that in this case an approximately optimal market design would consist of

running a series of “waterfall auctions” with different priorities across participants.
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A Proofs for section 4

Proof of Lemma 1. The proof of this result is standard and thus omitted. m

Proof of Lemma 2. The fact that the optimal solution is a threshold allocation is explained in

the main text. Thus, we only need to provide a proof for [ being in the interval [51,§K]. Note that for
all 6 below 01, 1 (6) is negative for all k € {1,..., K}. Therefore, fi(f) is negative for all 6 below 0.
Similarly, for all 8 above §K, [(0) is positive. Since the allocation is of the threshold type, it is optimal
to set x(f) equal to 0 for 6 below 6, and to set z(6) equal to 1 for # above 0. This necessarily implies

that 6 is in [@1,/0\[(]. ]

Proof of Theorem 1. We first show the sufficiency of our condition and then its necessity. We

denote by €2 the space of non-decreasing allocations, that is,

Q2 {z:[0,1] = [0,1] : 2(-) is non-decreasing}.

Sufficiency. We assume condition (APR) holds, we want to verify the static contract is optimal. In

order to do so we dualize the IC constraints. The Lagrangian is
E(u,x, )\,w) = uL(wL — AHL — OéL) + uH()\HL —ag + wH)
07”&33 J—
[ ) [orn ) - AuiFu()|dz
0

v " () o) () + A Fa(2)]

where wr,, wy correspond to the multipliers for the ex-post IR constraints, and A € {Agr, Arg} to the
multipliers for IC constraints. In the Lagrangian above we have chosen the multipliers as follows

wy, = oy, — OéHT‘HH(Q), wWH = o + OéHTHH(/é), )\HL = OéLT‘LH(/é), )\LH = 0, (A—l)

these multipliers are non-negative because r7#(6) < 0, - (§) > 0 and

wir = a4 ot @) > 0 rFH@) > —1 o - LG > -LEG) w 0> 0.

fu fu
Hence, maximizing the Lagrangian over non-decreasing allocation x; and xpy yields an upper bound
for the relaxed problem. Note that this choice of multipliers eliminates the u; and ugy terms in the
Lagrangian. We next show that under (APR) the solution to the Lagrangian relaxation is the static

solution. We first claim that

Omaz . Omaz _
max/ xr(z) - [aL,uL(z)fL(z) — /\HLFH(z)}dz = /A [aL,u,L(z)fL(z) —AgrFpu(2)|dz. (A-2)
0 [4

r, €Q
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To prove this first note that the optimal solution zy on the left hand side of (A-2) must be of the
threshold type, that is, 27,(f) = 1{g>¢+}, because x(-) is non-decreasing (see, e.g., Myerson (1981) or
Riley and Zeckhauser (1983)). Hence (A-2) is equivalent to

Omax
PU%@VMQ—AME}@)Mg‘w*GDJ}

/Qm,ax [aLML(Z)fL(Z) — )\HLFH(Z)} dz < /@

*

Replacing the value of A\, this equation can be cast over values 67 < 9 and 05 > 0 as

Joy oring () fu(2)d

f:; Fy(2)dz

<aprtf(9) < fg; O‘L*:“L(Z)fL(z)dz
) f@% Fr(z)dz

. VO <0 <6; (A-3)

Condition (APR) ensures the equation above always hold. Indeed, condition (APR) implies that for
any 07 <6 and € > 0 ~
Jor e (A ez [ auuy () u(2)dz
f(z Fy(2)dz B 5§+E Fy(2)dz '

Taking € | 0 yields the left hand side inequality in (A-3). The right hand side inequality in (A-3) can
be verified using an analogous argument. This shows (A-2), that is, the static contract maximizes the
part of the Lagrangian that corresponds to interim type L. We now prove the same for type H. Note
first that the optimality of the static contract implies

A= aprt(6) = —ayr(6).
Then
Omaz —
max [ () [ormn () () + AP (2]
Omaz _
= max [ wn ()i [ () (2) = 0 F ()]
@ max /Gmaz xp(z) - ag- [T’HH(Z) — T'HH(Q;)}FH(Z)CZZ
T 0

o /;W - [rHH(z) _ THH(GS)}FH(Z)dZ

where in (a) we have used the definition of 7 (.) and in (b) our assumption that 7 (.) is increasing.
Thus, we have proved that for this choice of Lagrange multipliers the static contract maximizes the
Lagrangian. Since the value of the Lagrangian coincides with the primal objective at the static solution,
and this solution is always primal feasible. We conclude that the static contract is optimal.

Necessity. We differ this proof to the proof of Proposition 1. In it we show that whenever condition

(APR) is not satisfied, there is a contract different from the static one with a strictly larger revenue. m
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Proof of Proposition 1. Assume (APR) does not hold, then by Lemma A-1 (which we state

and prove after the current proof) there exist 6; < 0 < 05 such that

ffl Fy(2)rt(2)dz N fgz’ Fy(2)rH (2)dz

o T ) A-4
Jo Fra(z)dz 22 Fr(2)dz (A-4)

Consider a solution in which we set u;, = ug = 0, and

0 iff <6, N
0 ifd<d
zp(0) =<z if0,<0<6, zu(0)= _
1 if6 <0,
1 iffy <0,
where z = f; *Fpy(2)dz/ f:f Fp(2)dz. We next show that this solution is feasible and that yields an
strict revenue improvement over the static contract.

Feasibility. The ex-post participation constraints are clearly satisfied. Also, since 61 < 0 < 02 we

have x1, € (0,1), and both z(-) and xg(-) are non-decreasing allocations. We verify the IC constraints

Omazx . Omaz
uy, +/ xL(Q)FL(Q)dQ > ug + / IH(G)FL(Q)de,
0 0

Omaz o Omaz
Ug +/ xp(0)Fg(0)dd > ur, + / xr(0)F i (6)do.
0 0

By replacing the allocations and ex-post utilities we obtain that the IC constraints are equivalent to

f;z Fy(z)dz - f§92 Fr(2)dz

— > — . (A-5)
9912 Fp(2)dz 9912 Fr(z)dz
To see why this is true, rewrite equation (A-4) as
02 1= 02 7= LH
2 Fyg(z)dz 2 Fyg(z)r z)dz
[ Fulds [ Fur () "

fz Fy(z)dz ffl FH(Z)’I”LH(Z)dZ’

note that we are using here that by Lemma A-1 the denominator on the right hand side is strictly
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positive. Also, note that

f§92 Fy(z)r (2)dz _ fg"’ Fr(2)rtE(2)dz

@92 Fr(2)dz f;Z Fr(2)dz
02 =
G2 FL(2)d
> TLL(Q)M
5 Fr(z)dz

5 —
_ T‘LL(/H\) f% iL(Z)dZ

f6’1 Fr(z)dz
. f;’l Ff(z)rLL(z)dz
B f901 FL(z)dz

Jo Frr(z)rtH (z)dz
fagl Fr(z)dz

)

where the inequalities come from the fact that r*(-) is an increasing function and r* (5) > 0. This

gives
f;Q Fy(z)rtH (2)dz - ng Fr(2)dz

f¢991 Fy(2)rt(2)dz B ffl fL(z)dz7

note that we are using here that by Lemma A-1 the denominator on the left hand side is strictly positive.

This inequality together with (A-6) yields (A-5) and, therefore, the proposed solution is feasible.

Revenue improvement. We need to prove that

02

Gmaz Gmaz
/A ln fu(2)ig (=) + am frr (2 (2)]dz < x - / an () (2)dz + / o (=) ()dz
] 02

01
em,a:c

+ / o fir () (2)dz,
0

this is equivalent to

2 Fu(z)dz o
Jo T AT d
o / "o fu(e ()i

02
/A apfL(2)ng(2)dz <
0
which is the same as R
B2 Fy(2)rt (2)dz [ Fu(z)rt (2)dz
< =
02 = —
ng Fp(z)dz f901 Fy(2)dz

which is exactly the property satisfied by 61,02 in (A-4). =

Lemma A-1 Suppose

maXARLH(Q,b\) > min RLH@’H)-
0<0<0 0<6<0,maz
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Then, there exist 04,0, € [0,0maz] with 0, < 0 < 0y such that RLH(GG,E) > RLH(E, 0y). Moreover,
0< f;; Fu(2)rt(2)dz = feea Fr(z)rt(2)dz, and 0 < f;b Fu(2)rt(2)dz = f;b Fr(2)rtt(2)dz.

Proof of Lemma A-1. Note that both T‘LH(-,/é) and T‘LH(/H\, -) are continuous functions. Thus
the maximum and the minimum in the statement are achieved by some 0, € [0,0] and 6, € [0,0],

respectively. Therefore, by assumption, we have that
R (6,,0) > R*(9,6,).

Using the continuity of both function we can find 6, < 0 and 0, > 6 such that the inequality above is
satisfied.

To finalize, we argue why 0 < ffa Fo(2)rH (2)dz. Note that since 6, > 0> 0, (see Lemma 2) we
have R (5, 0y) > 0. Therefore, R (Gaﬁ) > 0 which imply the desired inequalities. m

Proof of Lemma 3. From Lemma 2 we have that EL < [ < (9/1\{ For exponential distributions,

6, =1/AL and Oy = 1/Ay. Therefore, 6 € [1/Ar,1/Az]. Moreover, 6 must satisfy (8), if not we could

increase it or decrease and obtain an strict revenue improvement.

We provide a proof for the rest of the properties for general distributions satisfying (DHR). Note
first that @ can be seen as a function of o 1, and a7 but since ap equals 1 —ay,, we can effectively consider
[ just a function of ay,. Then, when « equals 0 is as we only had type H buyers and, therefore, the
optimal threshold is b\H While when «aj, equals 1 is as we only had type L buyers so the optimal
threshold is #7. Hence, 5(0) equals O and 5(1) equals 0.

Now we prove that /0\(0@) is non-increasing. Consider a¢ < of and suppose that /H\(Q“L) < 5(0/}4).

Define
Gmaz
(0.0 2 [ afienn () + (0= an) G ()

note that this is a linear function of oy, and, for fixed ay, it is maximized at /O\(a ). Hence,

00(al),al) < £(0(ak), a})
= 0(0(a}), o} — a%) +£(0(ak), o)
< 0(0(a}), ol — ad) + £(0(at), af)
therefore
fel) , 6(a%)
/g( ) b fr(2)pp(2)+ (1 —ab) fu(2)py (2)dz < /5( ) b fr(2)up(2)+ (1 —al) fr (2 g (2)dz. (A-T)

~

Recall that 6 is in [0, 6] and, therefore, 7, < 5(04%) <f(ab) < . This in turn implies that
pp(2) >0 and pg(2) <0, Vze (0(af).0(a})),
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so for z in (g(ofi),a(a%)) we have

af fr(2ng(2) + (L= af) fu(2)pu(2) < apfr(2)ng(2) + (L= af) fu(2)pm(2),

which contradicts (A-7). =
Proof of Proposition 2. We make use of Theorem 1. Condition (APR) for the exponential

distribution is

max
0<6

< min

{5e>‘L§ — fe— M } (A-8)

e— A0 _ o—Aib

067)\[19 _ b\ef)\L/é
{ e Al _ o—Agb }

Before we begin the proof we need some definitions and observations. Define the following functions

Do=ALO _ n—AL0 N s )
g(e)éee - fe and g(g)éee fe ©
< A0 _ o—Apb e—Ai0 _ o—Ab
Note the following R
A —1 3
lim g(0) = lim g(f) = M e 0OL=An) (A-9)
0—0+ 0—0— " AH
and
lim g(0) = - e 0Ce=An), (A-10)
6—o00
Finally note that R
ALl —1) G, -rn) -5 —B0—An) 7 1
= 7. <0- L—AH 0< ———. A-11
I =ve MR vy (A-11)
Now, suppose condition (APR) holds and
i>— L1 (A-12)
AL — g
From equations (A-9),(A-10) and (A-11) we see that
9(6) = 9(6) > lim ¢(9),
—00
which implies
Do—ALO _ no—ALO ALO _ Do—ALO
max{ee —~ be } > min{ee be = } (A-13)
eg’é 67/\]-]9 _ 67}\}]9 @SQ 67/\]-]9 _ 67}\}]9

contradicting the fact that condition (APR) holds.
For the other direction, assume equation (9) holds. We first prove that for § < 6 we have g(0) < g(@),
indeed

N Ge=0 _ ge—Aeb (>\L§ —1) 7
o < ol 8 < o0 L—XH)
9(0) <g(0) = e AH0 _ oAb T Ay ‘

<~ Ay - (ge_ALg — (96_)‘“9) > (e_)‘Ha — e_AHe) . ()\L/é —1)- e_g(AL_)\H)

= Ayl (1 ge_)‘L(e_a)) (1 e M=0) (A G- 1) >0,
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so we just need to see that this last inequality holds for 6 < d. For doing so define

H(B) 2 \yf- (1 - gemm)) (1= e MDY (0,5 1),

~

and note that H(f) = 0 and

H(O) = Mg+ (0 — 1) - (A2 — 1) > Al + AgfOrd — 1) = Al - A0 > 0,
where the inequality comes from convexity of the exponential function and the fact that 0> 1 /AL-

Furthermore the derivative of H is given by

% = )\H()\LG — 1)6_)\L(9_/9\) — )\H()\Lg_ 1)€_>\H(9_§),

and it can be easily verified that for § < 6 we have dH/df < 0. This together to the facts that H(0) > 0
and H (5) = 0 imply that g(f) < g(@) for all # < §. Which in turn implies

06—)\L9 _ 06_)\L9 ()\LQ - ]-) 67/9\()\[,*)\1‘1)

e (S0 200 0001 )
< ' e—Aml _ ¢—Aub g

Now we prove that for # > 6 we have g(#) > g(6). Note that if we prove this we are done because this

and what we have just proven imply condition (APR). As before we do

e R Y e—00L—2n)

el _ =g Ay

= A (B0 — ge0) > (AL — 1) (el — gl L IO

9(0) > 9(0) <

= Ay (0 — 00Dy _ (A\F—1)- (1 — e =Dy >,

note that the LHS of this last inequality is again the function H(-) but this time defined for 6 > 0. We
have H (5) = 0. It is easy to prove that for 0 < 6 < 0 the function H (0) is increasing, and then for 6 >
is decreasing, where 6 > 6 and dH()/df = 0. Also,

lim H(0) = A — (A —1) >0,

0— 00

hence for 6 > 6 we have H(#) > 0 and, therefore, g(6) > §(§) for all § > 0, as desired. m

Proof of Corollary 1. Recall that for any A\p, > Ay from Lemma 3 we have

and



therefore, for any ay, € [0, 1] equation (9) is satisfied. Then by Proposition 2 we conclude that the static
contract is optimal for any ay € [0,1]. =

Proof of Corollary 2. First we show 5() is continuous from the right at zero. Let {a}} € [0,1]

be any sequence such that

lim o} =0,
n—oo

and suppose 5(042) does not converge to 5(0) = 1/Ag. That is,
1 =~
de > 0,Yng, In > ng, |— —0(a})| >,
AH

3 (A0 1
since f(a}) < 5 we have

- 1 -
—0(a])| > e<= — —0(a}) > e

| pye

1
AH
This in turn means that we can create a subsequence {ai"} C {a} such that

Vn, — —e>B(al). (A-14)
g

But since (") is a maximizer of T1**2%¢(.) we must have

- 3 °n -~ 7 tn ]. — 1 1 — 1
o B(af)e™ PO 4 (1 - af)B(al)e ) S afr =TV 4 (1 ) eV,
)\H >\H
because A;, > Ay we can bound the LHS above to obtain
S0ty —Apban) < ot L AL by L At
f(a e L) >ar—e o+ (1—a")~—e H . (A-15)

L )\H /\H

Note that the function fe~*#% has a unique maximum at 6 = 1/\y and since g(a%) satisfies equation
(A-14), we can always find d(¢) > 0 such that

(L —’—6(6))6_)\}[(%—’_5(6)) > /a\(ain)e—)\H/é(ai")’ VTL7
Ao

plugging this in equation (A-15) yields

(L + 5(6))67AH(§+5(€)) > o/"ief)wi +(1- O/L" —_—
AH H

so taking the limit over n gives a contradiction. In conclusion we have proved that 5() is continuous
from the right at zero. Now, to finalize the proof recall that we are assuming \;, > 2Ap or equivalently
i > ﬁ However, since 6(0) = 1 /A and 5() is continuous from the right we can always find

ar, € (0,1] such that
1

>0(ayr)> ——

1
A
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so thanks to Proposition 2, the sequential contract is optimal when we set a; > aj. Note that the
same arguments is valid for 1/Az. That is, we can show that 5(0[ ) is continuos from the left at 1 and

then using the fact that
1 1

AL — Al ~ AL
we can find ay € [ar, 1) such that

1 ~ 1
— > 0(ag) > —
AL — AH (o) 2 AL’
hence in [@ g, 1] the static contract is optimal. All of this implies that since 5() is a non-increasing
function we can always find & € (0, 1) with the desired property. m

Proof of Corollary 3. Fix Ay and ay. Suppose the result is not true, that is,

- - ~ 1
VAL > 2 g, I > A, 0(Ap) < .
AL — AH
From this we can construct a sequence A} > 2\y such that
lim \? =00 and 6O(A\}) < L Vn e N
n—00 - L) = )\z — AH, ’

therefore @(A}f) converges to 0, and we have
Hstatic(é()\?/)) _ /é(A%)e_/\Hg(/\z) (aLe—(z\z—)\H)g()\z) + OCH) < 5()\%)6_)\1{0\0‘2) n—_})oo 0.
However, since @()\%) maximizes II5%24¢(.) it must be the case that IIst%at¢(1/)\y) < IIstatic (5()\2)), that
is,
1 .o~
H + Oéeri/\HE < HstatIC(e()\%)).
Taking limit over n at both sides of the previous equation yields

1 -1
ag—e "xm <0,

Ao

a contradiction. m
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B Proofs for section 5

Proof of Theorem 2. For ease of exposition we restate the problem’s formulation,

Omaz
(Pr) max — Y auup+ Y ak:/o ok (2) . (2) fr(0)dO

0<x<1
- ke{L,H} e{L,H}
s.t zx(@) non-decreasing, Vk e {L,H}
up > 0,Vk € {L,H}

Omazx o Omaz
up + / xp(z)Fg(z)dz > up + / xr(2)Fyg(2)dz.
0 0

We separate this proof into two parts. In part 1 we show that the optimal solution has the structure
in the statement of the theorem. Note that it is enough to provide a proof for the structure of the
allocation, the transfers can be readily derived from Lemma 1. In part 2 we derive the properties about
the thresholds, z; and ug and uy.

Part 1. For any optimal solution to (Pr) two possible situations may arise:

1. The allocation has at least one interval in which is continuously strictly increasing.

2. The allocation does not have an interval in which is continuously strictly increasing, but is a

piecewise constant non-decreasing function.

For each interim type, we prove that if we are in case (1), we can modify the allocation in that
interval to be constant and obtain at least a weak improvement in the objective. This implies that
for any optimal allocation, we can construct another optimal allocation that is a piecewise constant
non-decreasing function. Therefore, we can always assume we are in case (2). In this case, we show that
for interim type L there is only one intermediate step, and for interim type H there is no intermediate
step.

We split the proof in interim type L and H. Let x7 (0) and x73;(f) denote the optimal allocations.
We begin with interim type L.

o [leftmargin=%*|

e interim type L case (1): Suppose there is an interval (61, 62) in which x7 () is continuously
strictly increasing. Before we start with the main argument, note that if 6, > 0 then we can

set 27 (0) to be equal to x7 () for all 6 in (61,61,). This strictly increases the objective function
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while maintaining feasibility. So we can assume 0 < 61, which in turn implies that pr () is

non-negative in the interval (61, 62).

Now we give the main argument. Note that by Theorem 1 in Luenberger (1969, p. 217), x7(0)

must maximize the Lagrangian:®

L(u,x, A\, w) =ur(wy, —A—ar) +ug(A—ag +wp)
Omax _
= [T ane) - o)) = XFa ()] a:
Omaz —
+/0 xH(z) - {aHuH(z)fH(z) + AFH(Z)} dz,

with A\, wr,wg > 0. Define Ly (-) by
Lp(0) £ appr(0)fL(0) — AFu(0),

then it must be the case that Ly () = 0 for all § € (61,602). Suppose this is not true, then we
could have @ € (61, 65) such that Ly (f) > 0, since Ly (-) is a continuous function this must also be
true for all 0 € (5— €,0+ €) for € > 0 small enough. But then we can obtain a strict improvement
by setting x1(0) = xz(ng ¢) forall 6 € (6 —€,0 +¢). A similar argument holds when Ly (6) < 0.
Therefore, we have just proved that Lz (6) =0 for all 8 € (61,62). In other words,

1 (0)fL(0)
ap—="""

Ak —A>0, Vo0& (6,09), B-1
T (0) (61,02) (B-1)

Also, by the second mean value theorem for integrals there exists 6e (01,02) such that

. o 2% (2)Fa(z)dz

* 01
z(0) = — (B-2)
fgf Fr(2)dz
Going back to (Pr), we have that the part of objective associated to =7 in (61, 62) is
02 02 —
| i@ = [ s @ (B-3)
91 01

-~

where in the equality we have used (B-1). Now, consider modifying 27 to be Z} equal to 27 () in

5To use this theorem we need to verify that there is a feasible solution that strictly satisfies all inequalities. We can

take ur =ug >0, x(0) = 1{g>¢,} and zu(0) = 19>,y with 0x < 0L.
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(01,62). Then from (B-1), (B-2) and (B-3) we get
0y

05 X
/ 24 (arun(2) fr(z)dz = A a3 (0) - / Fr(2)d

91 91

02
—a10)- [ o))
1
02
- [ s@anm e s,
1
therefore, the modified 27 has the same objective value than the old one. Also, note that we have

preserved feasibility because

Omazx o 62 _ —
ur, + / 77 (2)Fy(2)dz = up, + / 77 (2)Fy(2)dz + / 27(2)Fp(z)dz
0 61 (61,02)°

1

=ur, + 27(0) - / Fpy(2)dz + / 27 (2)Fpg(2)dz
0 (61,02)°

02
@ ur + / 25 (2)Fg(2)dz + / z7(2)Fr(z)dz
01 (01,02)°

emal .
=ur + / 27 (2)Fr(z)dz,
0
where in (a) we used equation (B-2).

e interim type L case (2): Suppose for 27 (-) there exists §; < 02 < 3 and 0 < 1 < 22 < 1
such that z7 (0) = z1 in (01, 62) and 27 (0) = x2 in (62, 603). Since type’s L allocation is piecewise
constant we must have z% (07) < 21 and zo < 2% (7).

Then, the part of objective associated to interim type L in these intervals is
03

02
Qar - Ty - / pr(2)fr(z)dz + ar, - z9 - / wr(2) fr(z)dz. (B-4)

6’1 92

If uL(@\) < 0 for some 6 € (01,03) then because of (DHR), py,(6) <0 for all § < 6 and, therefore,
we can always find a better solution by setting x7 (f) = 0 for all § < 0 (note that this does not
affect feasibility in (Pgr)). So assume p(6) > 0 for all § € (01, 603), then it must be the case that

Omaz Omaz
wug + /0 vy (2)Fp(2)dz = up, + /0 2 (2)Fg(2)dz, (B-5)

otherwise we could increase x; and obtain an strict improvement in the objective. There are two

cases:
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a)

Jo? m @)z fo) np (2 Lz
f9912 Fa(z)dz f9923 Fy(z)dz
x1 by €1 > 0, in such a way that equation (B-5) remains with equality, that is,

: In this case consider decreasing xo by €2 > 0 and increasing

02 . 03 .
€1 FH(Z)dZ — €9 FH(Z)dZ =0. (B—ﬁ)
091 02

The change in equation (B-4) is

€ fejf (2)dz 62 03
L- QfgifFHZ)dZ . /91 pr(2)fr(z)dz —ag - e - /92 pr(2) fr(z)dz, (B-7)

which under our current assumption is non-negative. So we can weakly improve our objective,

indeed we can do it so until 1 + €; and x9 — €2 are equal,

9 J—
923 FH(Z)dZ (xQ — 1-1)
x1+61:$2—62¢>x1+62-9277:x2—62<:>62:63—77
f91 Fr(z)dz 14 Jop Fr(2)dz

f9612 F(z)dz

since xo > x1 we have €2 > 0 and, therefore, we have shown that it is possible to increase
x1 and to decrease x5 in such a way the objective is weakly improved and the solution is

constant in (01,03).

Jo2 nL () fr@)dz [y2 py(2)fr(2)d0
feglz F(z)dz f:; Fr(z)dz
x1 by €1 > 0 in such a way that equation (B-5) remains with equality. By doing this

: In this case consider increasing xo by €5 > 0 and decreasing

the change in the objective is strictly positive, and we do it until either x; = z7(67) or

Ty = w’i(@?{)

This proves the result for interim type L and case (2).

In conclusion, putting together what we have proved for type L in cases (1) and (2), we can al-

ways consider x7 to be a step function with at most one intermediate step as in the statement of the

proposition.

Now we proceed with interim type 2.

o [leftmargin=%*|

e interim type H case (1): Suppose there is an arbitrary interval (61,62) in which x7(6) is

continuously strictly increasing. Before we start with the main argument, note that if O < 0y

then we can set x7};(6) to be equal to z7,(#2) for all # in (5H,02). This strictly increases the
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objective function and maintains feasibility. So we can assume EH > 05, which in turn implies

that gy (+) is non-positive in the interval (61,05).

Now we give the main argument. Note that by Theorem 1 in Luenberger (1969, p. 217), z73,(0)

must maximize the Lagrangian
L(u,x, A\, w) =ur(wr, — A —ar) +ug(A—ag +wp)
emaz .
[ ) [ann () - P dz
0

b [ o) [ ) 2) + 3]t

with A\, wr,wg > 0. Define Ly(-) by
Ly(0) £ appy(0)fu(0) + \Fu(6),

then it must be the case that Ly (0) = 0 for all § € (01,02). Suppose this is not true, then we
could have 8 € (61, 05) such that Ly (8) > 0, since Ly(-) is a continuous function this must also be
true for all 0 € (/9\— €,0+ €) for € > 0 small enough. But then we can obtain an strict improvement
by setting x2(0) = x;{(5+ ¢) forall @ € (6 —¢,0 +¢). A similar argument holds when Ly (6) < 0.
Therefore, we have just proved that Ly (0) = 0 for all § € (61,02). In other words,

1 (0)fr(0)

FH(G) =—-\ VA€ (91,02). (B—8)

Also note that by the second mean value theorem for integrals, there exists 0e (01,02) such that
02 % i
s 0. Ui (2)Fpdz
w3y (B) = 2 . (B-9)
f(h Fp(z)dz

Going back to (Pg), we have that the part of objective associated to x7; in (61,62) is

02 -

02
| anah@un (@) iz = -2 [~ ah @ Ful)e (B-10)
91 91

where in the equality we have used (B-8). Now, consider modifying z7}; to be &}, equal to x}{(@\)
in (61,62). Then from (B-8), (B-9) and (B-10) we get
0,

0 R
/ h(anum(2) fr(2)dz = X - 23 (0) - /9 Fr(2)d

91 1

I
8

02
1(0) / o () Frr(2)de

01

02
- /9 3y (2)opg (2) frr(2)dz,

1

20



therefore, the modified Z7; has the same objective value than the old one. Also, note that we have

preserved feasibility because

Omaz 02
ug + / 5 (2)Fy(2)dz = ug + / 5 (2)Fp(2)dz + / 25(2)Fy(2)dz
0 (61,02)°

where in (a) we used equation (B-9).

interim type H case (2): Suppose 27 (-) is an optimal solution to (Pr) for which there exists
61 < 02 and 0 < = < 1 such that 27},(8) = z in (01,62). Similar to the proof of type L assume
25 (07) <z < a3(0).

Then the part of the objective for the interim type 2 in this interval is
02
ap - T - / pp(z)fu(z)dz. (B-11)
01

If 17 (8) > 0 for some 6 € (61, 65) then because of (DHR), 1;7(6) > 0 for all § > 6 and, therefore,
we can always find a better solution by setting z7%,(#) = 1 for all § > 0 (note that this does not
affect feasibility in (Pr)). So assume p(0) < 0 for all 6 € (61,62), then it must be the case that

Gmaz o Hmaz
upg + / z(2)Fp(z)dz = up, + / xp(2)Fr(z)dz, (B-12)
0 0

otherwise we could decrease z and obtain an strict improvement in the objective. Now, consider
splitting the interval in half, that is, take 6 = (01 + 02)/2 and note that because of (DHR) we

always have

0 0
o 1n(2) @)z _ [ () () 1)
— < — , a
f991 Fy(2)dz J57 Fu(z)dz
We can modify z7;(0) in (01, 62) as follows and obtain an, at least weakly, objective improvement.
For 6 € (91,5) set 27;(0) = — € and for 6 € (5, 62) set 273;(0) = = + ez with €1, €2 > 0, and such

that equation (B-12) remains with equality. That is,

0 02
—e1- | Fu(e)dz+e- | Fpu(z)dz=0.
01 [4
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With this modification the change in the objective is
02

e [2Fy(2)dz [0
s Ttz o e [ )i
Jo, Fr(z)dz 01 0

_aH.

which by equation (B-13) is non-negative. Then we can keep increasing ez until either z — ¢; =
2%(07) or T + €3 = a%(05). This proofs we can, at least weakly, improve the objective. It also
proves that we can modify the solution in such a way that for one of the two halves of the intervals
the step reaches the boundary bound given by either 27,(6; ) or m’}{(ﬁg) For the half that did not
reach the boundary, we can do the same procedure described above and then repeat this procedure
until we completely get rid of the intermediate step between (2% (67 ),2%(05)). Note that this

process can be potentially infinite, in which case a more rigorous argument is required.

Suppose the process described above goes for infinitely many steps. In this case, an allocation
sequence {x7(0)}nen defined in [01, 0] is generated. To prove that the argument works, we need

to show that there exists 0 € [01, f2] such that

62 [7)SS 62
lim [ (=) () frr(2)d = 3 (01) /9 12 (2) Frr () + 3 (02) / it (2) frr(2)dz. (B-14)

n—00
01 )

To prove this, let {Qn,én,b\n}neN be the sequence generated in the infinite process where:

— 6, and 6, correspond to the lower and upper bound of the interval. For example, at the
beginning 0, = 6; and 01 = 0,. At the next iteration we will have either 6y =67 and 0y = 9
or 0, = 9 and 0y = 05. Note that for all n € N: 0,,0,, € [01,602].

— 0, is defined to be the half of the interval. So 8; = 6, and 6 = (05 + 02)/2.

From these definitions we have that §,, and #,, are bounded monotonic sequences (the first non-
decreasing and the second non-increasing), thus both converge to a limit. Also,
~ _0,+0
0, = nTn’
then all three quantities, 6,,, 0,, and En, converge to the same limit which we denote by 6 € [01, 03]
(if the limit was not the same we could continue iterating the process).From this we can conclude
that the following limit holds almost surely
xy(07) ifo<0
lim 2% (0)=¢ "1 = V0 € [6h,64]
e 25(0F) if 0> 0,
Finally, we can use the almost surely version of the dominated convergence theorem to obtain

(B-14). This completes the proof for interim type 2 and case (2).
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In conclusion, putting together what we have proved for type H in cases (1) and (2), we can always
consider 27%; to be a threshold allocation as in the statement of the proposition.

Part 2. From what we have just proved we can write down (Pr) as follows

max — Z akuk+0£1X/

ke{L,H} 01

02

emam

Omax
i1 (2) Fr(2)dz + / i1 (2) Fr(2)dz + s / 11 (2) i (2)dz

92 GH
st xe [Oa 1]7 ‘91 < 02
up >0, ke{L H}
emazi 027 Gmazi
Up +/ Fy(z)dz > up, + X/ Fr(z)dz +/ Fr(z)dz.
91.1 91

e [leftmargin=%*|
e u;, = 0: From the formulation above it is clear that is always optimal to set uy, = 0.

° @L < #41: Suppose the opposite, that is, EL > 1. This implies that between 67 and 51, wr(+) is
negative. Then, we can increase #; while keeping feasibility and, at the same time, increasing
the objective function. Note this argument is also valid when 6; = 0. Also, note that we can
obtain a strict improvement only when x > 0; however, when x = 0 we can only obtain a weak

improvement. In either case, we can always consider 07, < 6.

o O < §H: Suppose the opposite, 05 > EH Since pg(0) > 0 for all 6 > /H\H, we can can decrease

O and obtain an objective improvement while maintaining feasibility.

e uy = 0: Suppose uyg > 0, then we must have

emazi 927 Hmazi
UH —i—/ Fp(z)dz = :c/ Fr(z)dz + / Fr(z)dz, (B-15)
[4 0

H 01 2
otherwise, we could decrease uy and, by doing so, improve the objective. Since ug > 0, equation

(B-15) yields

92 . Omaz . Omaz _
0<upg = x/ Fr(z)dz —I—/ Fr(z)dz — / Fr(z)dz, (B-16)
0 [%

1 2 O

then it must be true that 61 < 6p; otherwise, from equation (B-16) we would have (6; < 63)

01 _ 02 _ Omaz _ 02 . Omax .
/ Fy(z)dz + / Fp(z)dz + / Fp(z)dz < :L'/ Fp(z)dz + / Fy(z)dz,
0 0 0 0

H 1 2 01 2

which implies
0
Fr(z)dz <0,

O
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a contradiction. Thus, 61 < 0.

Now consider, a new contract for type H which consists on decreasing the cut-off 8 by € > 0
sufficiently small, but at the same time maintaining the equality in equation (B-15). Specifically,

let O (€) = 0 — e > 0 (which we can do because as we just saw 0 > 61 > 0) and let ug(€) be

62 o emaz _ gmaz .
g (€) = / Ful2)ds + / Fa(2)ds — / Fulz)dz,
0 0

1 2 05 (e)
note that by taking e small we still have ug(e) > 0. We claim that this new contract, characterized
by 61,02,x,0r(e) and up(e€), yields a larger objective that the old contract, characterized by
01,05, x,0y and ug. The old contract objective’s is

02

emaz

Omax
up (2)fo(2)dz + o / uz (2)fo(2)dz + o / 12 () (2)

—oguyg + aLx/
92 0H

01
and using equation (B-15) it becomes

92 _ emam _ emam
o [ @)ue) - auFa)dz [ @@ ) - anFudsran [ ful)d
91 6'2 0H

We obtain a similar expression for the new contract’s objective. Specifically, the first two terms
in the expression above are the same and the third term differs in 6. Hence, the new contract

yields an improvement over the old one if and only if
97’”@92 Gmaa:
/ zfu(z)dz < / zfu(z)dz.
O Om (€)
Since O (e) < Oy this last inequality is true. Thus, if ugy > 0 we can always construct a new
contract yielding a larger objective value and, therefore, at any optimal contract we must have

UHIO.

O < 05: Since at any optimal solution uy = 0, the IC constraint is

Gmaz . 92 _ emaz _
/ Fr(z)dz > x Fr(z)dz+ / Fp(z)dz.
9H 91 92
Hence, if 0 > 65 from the expression above we would have
omaz _ 02 o 9H _ omaz _
/ Fr(z)dz > x/ Fr(z)dz +/ Fr(z)dz + / Fp(z)dz,
Oy 01 62 Oy

which implies 8y = 05, a contradiction.
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e 01 < Oy: First we show that 61 < 51{ Suppose the opposite, that is, 61 > /H\H Then, since

/G\H > 0y we must have 61 > 6y and, therefore,

Omax o 01 . Omaz o
/ Fp(z2)dz = / Fp(z)dz —|—/ Fp(z)dz
0y 0 0

H 1

97’L(lfl/' 7
> / Fp(z)dz
0

1
02

emaz 7
= Fp(z)dz + / Fr(z)dz
91 02

92 Hmaz
2)(/9 FH(z)dz+/9 Fp(z)dz.

1 2

That is, the IC constraint is not binding. Therefore, since 61 > @H > §L we can slightly decrease
f1 and, in this way, obtain an objective improvement whenever x > 0. When x = 0, because
02 > 61, we can decrease 5 and obtain an objective improvement as well. Hence, at any optimal

solution we must have 6 < §H.

In order to complete the proof, suppose 61 > 0 then, as before, we have

Gmaz . 92 _ emaz _
/ Fp(z)dz > x Fp(z)dz + / Fr(z)dz.
O 0

01 2
Using that 61 < On implies 6 < 51{, we can slightly increase 0 (maintaining feasibility) and thus

obtain an objective improvement. In conclusion, at any optimal solution we must have 6, < 0.

e = f:; Fy(z)dz/ feef Fp(z)dz: since EL < 0, the part of the objective that involves z is always
non-negative and, therefore, it is optimal to make x as large as possible. The IC constraints gives

an upper bound for x which is precisely f:; Fy(2)dz/ f:f Fy(z)dz, thus the result.

Proof of Theorem 3. We divide the proof into two part. In part 1 we show that the solution

to the relaxed problem and the original problem coincide. In part 2 we prove that the three conditions
that we state after the theorem are sufficient to characterize the optimality of the static contract.

Part 1. It is enough to show that the solution of (Pg) is feasible in (P). From Theorem 2 we know
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that we can formulate (Pg) as

02 Omaz Omaz
(P4) max apx / ni(2) fu(2)dz + ay / 1 (2) fu(2)dz + an / it (2) frr(2)dz
01 72 O
fe FH( )dz
st x=—
912 (2)dz

0L <01 <0 <05,0n<0g

Omaz . 02 . Omaz _
/ Fu(z)dz > X/ Fu(z)dz +/ Fu(2)dz.

6H 91 92
Let 61,0p,02 and x be the optimal solution to (Pr). If this solution corresponds to the optimal static

contract or yields the same objective than it, we are done because this contract is always feasible in
(P). If this solution is different from the optimal static contract and yields a strictly larger objective
than it, it must be the case that

Omax 62 Omax Omaa
/ a(z)dz < aLx/ wr(2) fr(z)dz + aL/ wr(2) fr(z)dz + aH/ pr(z)fa(z)dz. (B-17)

QH 91 02 GH

This is true because the contract (ui,u2,z1,72) = (0,0, 16>0,1, 1{g>0,}) is a feasible static contract
and, therefore, its associated revenue is bounded by that of the optimal static contract. From the

formulation of (Pr) we know that B, < 61 <0y < 6y, this and equation (B-17) deliver

02 02
0< / ni(2) fr(2)dz < / np(2) fu(2)dz

9H 91
Hence, 6; < 0, 0 < 03 (otherwise x = 0) and
02
2)fr(z)dz
f(’gg AR LICL (B-18)
Jo. () fr(z)dz

Also, since z < 1 we must have 61 < 6. Note that since §L < 01 < 05 the denominator above is strictly
positive.

Now we argue that the contract optimizing (Pr) characterized by 61,0, 62 and x is feasible for (P).
Since the high to low IC constraint is satisfied, we only need to verify the low to high IC constraint.

That is, we need to verify the following inequality

92 . Omaz . Omaz _
x/ Fr(z)dz + / Fr(z)dz > / Fr(z)dz, (B-19)
01 02 O

or, equivalently, x > f:; Fr(2)dz/ fe Fr(2)dz. In order to see why (B-19) holds, observe that from
Lemma B-1 (which we state and prove after the present proof) we have

Jo? up(2) fr(2)d f(,HuL >fL<z>dz©f:fuL 2) fr(2)d f(,HuL 2) fr(z)dz
Jor Fu(z)dz —  [2 Fir(z)dz Jol Fr(zdz — [ Fu(z)dz

(B-20)
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The right hand side in (B-20) always holds thanks to (DHR), indeed,

foelH 1 (2) fr(z)dz _ feelH Frrit(z)dz < rLL(gy) f Frrtt(z)dz _ f(ae; pr(2) fr(z)dz
f;lH Fr(z)dz 061H Fr(z)dz ! 99; Fp(2)dz f;; Fr(z)dz

Thus the left hand side in (B-20) holds. Equivalently,

e Fr@)dz _ oo (=) u(2)dz

9912 Fr(z)dz 9912 pr(2) fr(z)dz

Using this, together with equation (B-18), delivers equation (B-19). This concludes the proof for Part
1.

Part 2. In this part we prove the following optimality conditions for the thresholds 67 < 0 < 05:

1. RLH(Ql, 02) S min92§9 RLH(QQ, 9),
2. maxg<g, RLH(Q,GQ) < RLH(91, 92);

3. af, - RLH(91,92) + OZHTHH(QH) =0.

It is enough to prove that under the conditions the optimal contract characterized by (61, 60f,02)
is optimal for (Pg). To prove this we use a Lagrangian relaxation (we do not relax the monotonicity
constraints) and show that this relaxation is optimized by the contract characterized by (61,0, 62).

First, we establish some properties that can be derived from conditions (1) to (3). Condition (3)
implies that 6y > 5,;; otherwise, 01,05 < 0, which would imply that R¥(01,03) < 0. In turn,
condition (3) would give R¥(0y) > 0 which would imply that O < 0p. Since 8 < 05 we would have
5}{ <Oy <by< 5,;, that is, 51{ < /G\L which is not possible. Moreover, condition (2) together with the
fact that 05 > @L imply that 6; > /0\L. This yields R (61,602) > 0, and thus we can use condition (3)
again to deduce that 07 < @H In summary, 5L < @i and g < 5H

Now we provide the main argument. If 61 = 65, then we also have #; = 02 = 0. Condition
(3) implies that the contract characterize by (61,0,62) is the static contract. Conditions (1) and (2)
together yield (APR) and, therefore, from Theorem 1 we deduce that the static contract is optimal.
Next suppose that 61 < 65, and define

Q2 {x:[0,1] = [0,1] : 2(-) is non-decreasing}.
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We use x* to denote the solution characterize by (01, 0f,62). The Lagrangian for (Pg) is
L(u,x, A\, w) =ur(wy —A—ap) +ug(A—ayg +wpy)
[ o) [onmn (e~ Fn(e)(a)]
09max

+ /0 wa(2) - [ () fi(2) + NFa ()] dz,

consider the following multipliers
A=oar - RF(61,60,), wp=)\+ap,wg =—-\+ay,
note that \ and wy, are non-negative, and for wy we have
wp >0 ag +apr™(0g) >0 1" (0y) > -1 [0g — K7 (0g)] > —h"H(0y) & 0 > 0,

where in the first if and only if we used condition (3) in our hypothesis. Thus when we optimize the
Lagrangian we obtain:

Omaz .
(g{a)tgﬂﬁ(x, u, A\, w) = 0<£g%};az/e [alul(z)fl (z) — )\FQ(Z)i| dz

Omaz
+ o pax /0 {aHuH(z)fH(z) + )\FH(Z)] dz , (B-21)

where we can reduce attention to threshold strategies because xr,(-), xg(-) are non-decreasing (see, e.g.,
Myerson (1981) or Riley and Zeckhauser (1983)). If we are able to show that £(x,u, A, w) evaluated at
our candidate solution is an upper bound for the RHS above we are done. Let’s begin with the second

term, take any 0 < 0 < 0,4, then

/09"“” [QHMH(Z)fH(z) + )\FH(Z)}dZ - /:W [aHuH(z)fH(Z) - aHTHH(9H)FH(Z)}dZ

emam
:/ agFy(2) [THH(Z) —THH(HH)] dz
0
. HH(GH)] dz

</ " anFu(a)[r1(2)

eglmaz
= [ o) [anun () fue) + X (2)] de
0

where in the first equality we used condition (3) and the inequality comes from the fact that 7 (.) is
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non-decreasing. Now we look into the first term in equation (B-21), consider first 6 > 6
emaz _ emaz _
[ Joum@ ) - XFu@]dz = [ farn 1) - XFa)d:
0 02

0
- [ [owm@) i) = 3Fu()]a:

L

< /0 gm lawps(2) fu(2) = NFu(2)| d,

L

where we have used the following

, B feﬂf Fr(2)rtH (2)dz B fei Fo(2)rt(2)dz
L fono- i sown BRI 50 BRI

which thanks to condition (1) in our hypothesis is true. A similar argument holds for § < 5, but using
condition (2). Since L£(x*,0, A, w) equals
92 _ Gmaac _ Gmax J—
:c/ {al,ul(z)fl(z)—)\FH(z)] dz+/ [al,ul (z)fl(z)—)\FH(z)} dz—|—/ {aH;LH(z)fH(z)—i-)\FH(z)] dz,
01 02 O
which by the definition of A simplifies to
0ma:c emm? N
[ o @) - Fua)]dz + / [amin () ) + XFa(2)]dz,
02

we conclude that max, xyeo £(u, X, A, w) < L(0,x*, A\, w), as required. m

Lemma B-1 Let §; € [0,1] for 1 =1,2,3 be such that 61 < 02 < 63. Also, consider functions f,g
[01,03] — I, with f91 2)dz, f0 z)dz > 0. Then,

03 03 02 03

z)dz z)dz z)dz z)dz
99131”() - 99231"() if and only if 9012f() - 9923f() .
0, g(2)dz 9 g(z)dz 9, g(z)dz 9 g(z)dz

Proof of Lemma B-1.

013 (2) f2 z)d 03 03 03
2915 g(z)dz B 99“’ g(z)d @ </92 g(z)dz)( 0, f(9)dz> = (/91 g(z)dz) </92 f(z)dz>
& (/:3 g(z)dz)( 062 f(z)dz) < </:2 g(z)dz) (/:3 f(z)dz)

2
D f(2)dz [ f(2)dz
L2g(2)dz [ g(z2)dz
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Proof of Proposition 3. We use the sufficient condition in Theorem 3. First note that since the

support of the exponential distribution is unbounded from above, we can take 8o = co which eliminates

condition (1). Conditions (2) and (3) can be cast as
Ore 1 AL=2n) > ge=0OL=2An) o >0 and ap - Agfie O — o Agbg — 1), (B-22)

By optimizing the first term in (B-22) we obtain

1

0 = ——
1 )\L_>\H7

and then solving for g yields

g, L oL el
H_)\H OJH/\L—AH.

What we need to check (and it is not obvious at a first glance) is that 61 < 0. First, we show

1 1
ar (61 — E))\LG_ALGI + ag(0, — E))\HB_AHel < 0. (B-23)

To prove this inequality notice that since 0 is the optimal static cutoff we have
aLae*)‘Le + ozHae*)‘He > apfie MO 4 qpfe 0 (B-24)

then

1 1

ar (g — E

1
))\Le_’\LelL + ap (8t — )\—))\He_AHelL = arft (A — /\H)e_’\LalL + aLQi)\He_’\L‘gIL
H

_ 1 _ 1 _ 1
+aH6?1L)\He Amf, —are ALfy —apge Amf,

_ 1 _ 1 . 1
= are ML 4 A (apfle ™0 4 a0t e L)

ALOL gl

—are age

(a) ~ i~ -~ o 1
< )\H(aLGe_ALe + aHHe_AHO) —aye oL

(0)

< )\H(aL/H\e_)‘Lg + ang_)‘HA — aHe_AH/é
5 -1
= Agarfe 0 4 Agage 00 — —)
AH
(©) ) b 4
= \gaybe —Arare (9 - )\7)
L

= aLe_ALa( —0(A\p — An) + 1)

d
(<) 0,
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where (a) comes from equation (B-24), (b) is true because the function —e=*#% increasing and 6; < 0,

(¢) comes from equation (8). And (d) comes from #; < . With this we have proven (B-23) and thus

1
Aag - (05 — E) (@) ap - 91L€—01L()\L—)\H)
1 1 1 1
= — el _ S\ 0 (AL—Am) _ L et (an-am)
Ao <0L /\L)e - Arap, )\Le L
(®) 1
> ap(0h — — )y — ay - e 0LOLAn)
AH
(c) 1 1 ag 1
= 0 — —)A 20y — —
a0 )\H) H+ o (On )\H),

where in (a) and (c¢) we used the definition of ff, and in (b) we used equation (B-23). From this we
have that
1 afg 1
= 1) (v — ) > oy
(% )\H) LOH — ap (01 )\H) H
but replacing 6; with 1/(Az — Ag) in this last expression we get 0 > ;.

Finally, x is given by

QGSFH(Z)dZ el o (7 \ {L g et D
VFp(z)de e P Y Y Y A Y A

C Proofs for section 6

Proof of Theorem 4. In Lemma C-2 (which we state and prove after this proof) we show that
A is non-empty. Next we prove the necessary and sufficient condition.

We prove both directions separately. First we show that if there exists A € A satisfying the properties
then the static contract is optimal. Then we show that if the static contract is optimal then we can
always solve for X satisfying the properties.

Define

Q2 {z:[0,1] — [0,1] : z(-) is non-decreasing}, and QF2Qx...xQ.
K ti

For the first part we use a Lagrangian relaxation approach. That is, we dualize the IC constraints for

a specific set of multipliers. This gives an upper bound to the seller’s problem. Then we show that for
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our choice of multipliers the relaxation is maximized at the static allocation. The Lagrangian is

K
L(z,u, A\, w) = Zuk< — o +w + Z Akj — Z )\jk>
k=1 jiik jiik
+Z/ - Oékuk( V() + Frl2) - > Mg — Y )‘jkfj(z)>d2

Jiy#k Jiy#k
where A correspond to the multipliers associated with the ICs, and w to the multipliers associated with

the ex-post IR constraints. Let us define A to be equal to the ()‘ij)i,je{l,--- (k)2 We are assuming to exist,

that is A € A, and let

we =kt Y A= > Mg, ¥k e{l,..., K} (C-25)

Jii#k Jii#k
Note that by our choice of A (A € A), wy is non-negative for all k. With this choice of w the first
summation in the Lagrangian becomes zero. Now, we need to show that for this choice of multipliers

the Lagrangian is maximized at the static contract. In order to show this observe that

K

emaﬁc —
max L(z,u,\,w) = max/ xE(2) (akuk( Vfe(2) + Fr(z Z Akj — Z )\ijj(z)>dz
z€QK u>0 zk€Q Jo =
k=1 Jii#k Jii#k
(C-26)

thus we just need to verify that the RHS of (C-26) is bounded above by

Z/Tm arpip(2) fr(2) + Fr(2) - > g — D )\jkfj(z))dz- (C-27)

Jii#k Jii#k
Note that the RHS of (C-26), for each k, is maximized at some threshold contract 6 € [0,1]. So to
prove that (C-27) is an upper bound of (C-26) is enough to show that for all £ and for any 6 € [0, 1]

Omaz Omaz
L (oum e + Fu) v = X i)z < [ (aumie) + Ful) - X Mg

Ok J:g#k J:g#k J:g#k

-y Ajkfj(z))dz. (C-28)

Ji#k
Consider ), > 0 in (C-28), then (C-28) becomes

0< /;k (Oékuk( Vel2) + Fr(2)- > Mg — > )\jkfj(z)>dz

Jii#k Jii#k

this is equivalent to

( > )\k]) /A Fi(z)dz < /;k (%Mk(z)fk(z) -y )\ijj(Z))dza Vo, > 0,

Jij#k Ji#k

62



which can be rewritten as

0 —
( Z Am) < muﬁl{a fe i (2)Fi(2) 2 Z Ajk - W} (C-29)

P < f Fi(2)dz ) f5 Fr(z)dz

Similarly, if 6; < 6 then (C-28) is equivalent to

0 —~
0= [ (am(@h(a) + Fu) - 3 = 3 AaFy())dz, 6, <0,

Ok jii#k jii#k

which is equivalent to

0
ma;{akfﬁ W 5y e ) } <—(3 w). (C-30)

b6 f Fi(z )dz J: g7k fe F (z)dz J: 37k
In summary, proving that (C-28) holds is equivalent to showing that both (C-29) and (C-30) hold. To

see why this is true, note that

lim o f‘) pi (= Y e

9
5
[/
0—0+ fg Fk )dz ik fg

i(2)dz oy 1 (0) - f(0) — D gk Ak - Fy( ( Z e )
j

k(z)dz Fk(/@\) itk
(C-31)

where the last equality comes from the choice of the multipliers. Since the limit is taken for values

above 5, this implies that

im0 O~ fEEdE] L @i~ Ei(R)d
§g9{ fe Fi(2)dz j%;k 7 fgfk(z)dz S(9—>9+ fe Fi(2)dz J%;k o fgfk(z)dz
(3 )
J: 7k

A similar argument(taken the limit for values below 6 this time) can be used to show that
—
Fj(z)dz
(Z)\kj)<maX{Oz fe,u; (2)fi(2)dz Z)\jk.f%y() }
J:i#k 9=0 fe k(2)dz Jiy#k fe Fi(z)dz

Since we are assuming that the minimum is an upper bound to the maximum above, we can conclude

that both (C-29) and (C-30) hold (with equality). This concludes the proof for the first direction.

For the second direction we need to show that if the static contract is optimal then we can find
X satisfying condition (APRM). Theorem 1 in Luenberger (1969, p. 217) gives then the existence of
Lagrange multipliers such that the static contract maximizes the Lagrangian(here we use the interior

point condition in the assumptions). In other words, A, w > 0 such that
L(x5,0,\, w) > L(x,u, \,w), VYu,x € RE x QF, (C-32)
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Note that (C-32) holds for any u,x € RE x Q. Thus we can first consider x equal to x* in (C-32),
this yields

(= ok twet D Mg — D A), VueRE.

J:#k Ji#k

T

Vv
»—AMN

Which implies that

—ay + wy, + Z Akj — Z Aji =0,

J:i#k J:i#k
and since w; > 0 we can conclude that
Qg > Z Akj - Z )\jlm Vk,
J:i#k J:i#k
as required. Now, fix k and consider a solution x € Q¥ such that zj =z for all j # k and zy, is 14959,

for some 6, € [0, 1]. Then equation (C-32) delivers equation (C-28). And we already saw that (C-28) is
equivalent to both equations (C-29) and (C-30). Putting these two equations together yields

max 4 o ff“k(z)sz(z)dz B N 'W} _ N
A{ ’ feefk(z)dz J%;k‘ i fgefk(z)dz = (]%é:k kJ)

fe pu (2 59
<min o, Yl
0 9{ fe F’f d J:j#k f@

that is, condition (APRM) holds for any k. We only need to check that A € A. Observe that both the

maximum and the minimum are bounded from below and above (respectively) by

e 1 (8) - S1(8) = Xk Mgk - F5(9)

— C-
Fi(0) (59

To see this we can take the limit as before. For the maximum we take the limit of § approaching to [
from below. This limit converges to the expression in (C-33) and is bounded above by the maximum.
The same argument applies to the minimum but this time taking the limit from above 9. In turn implies

that

- 140) - 10) = 350 - i (30
kj |

and we can conclude that A € A. =m

Lemma C-2 The set A is non-empty.
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Proof of Lemma C-2. We want to show that A # (), which amount to proving that the linear
System

K K
Z )\jk'Fj(H) :akuk(e)fk(0)+Fk(9) Z >\kj7 Vk € {1,...,K},
J=1j#k J=Lj#k

K K
aEp = Wi + Z )\kj— Z )\jlm Vk e {l,...,K},
J=1,3#k J=1,5#k
with (A, w) > 0 has a solution. We begin by writing down the system with matrices and then we apply

Farkas’ lemma.

First, the vector A is given by

()\127)\137"‘ 7>\1K7)\217)\237"‘ 7)\2K7"‘ 7)\K17)\K27”' 7)\KK71))
Typel Type2 TypeK
note that the terms Ag for any k € {1,..., K} do not form part of the vector. Now, consider matrix A

with K (K — 1) + K columns and 2K rows given by

F! F?2 ... FE Opux
B' B2 ... BE JIp.x

A=

where Oxx g is the zero matrix of dimension K x K and Ixxx is the identity matrix of dimension

K x K. Also, F¥ is a matrix of dimension K x (K — 1) defined by
~Fr0) ifi=k

- FrO) ifi<kj=i

v N

FuO) ifi>kj=i—1

0 if o.w

\

and B is a matrix of dimension K x (K — 1) defined by

,

1 ifi=k
1 ifi<kj=i
1 ifi>kj=i—1

0 if o.w

Finally, let b be a vector defined by
b= (apiy (0) f1(8), aops(0) f2(0), -, arcpge(0) fre(0), an, - k).
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Then, the linear system can be rewritten as

Now we use Farkas’ lemma, if this system does not have a solution then it must be the case that the

following system has a solution

Explicitly, we have (y¥,3?) solve

Fr@ - —yl) P —yP) >0, VkVji#k

yP >0, Vk
K R R K
> 0) fr(®) - yk + >k -y <0.
k=1 k=1

Let y5 be equal to ming{y’ } (m is the index that achieves the minimum) then

K K K K
S @50 - vf + > an- vl LS @) @) - F —vE)+ S - yP
k=1 k=1 k=1 k=1
K - /M K
n Fk(e) n F F B
=) o0 ——=")1i(0) (v —Ym) + ) _ k- yp
kzl ( fr(0) ) ;
K = R N K
=> ay <9fk(9) - Fk(9)> Wl =)+ ok yf
k=1 k=1
® = - () F F = B
> = FR(0) - (u —ym) + Y vk
k=1 e

K
awFr(0) - (uh —uf) + Dok - yf
k=1

K
>
k=1

K K

> - (yp —yl) + Dy

k=1 k=1

K
>
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a contradiction. Where in (a) we use the fact that S 1| cppg (6) f+(9) = 0, in (b) we use the definition
of &' in (c) we use the first set of equations in (C-34) and in (d) we use the fact that >0 ap = 1 and
y2 >0 m

Proof of Proposition 4. We make use of Lemma C-3 which we state and prove after the present

proof. In that lemma we need to define the function

Z Z
Li(2A) 2 apy(2) DIPEDS /\z B

Z
Cl£k C0£k

for any A > 0. For exponential distributions Ly (z|\) becomes:

=k) e—#(N—Ak)
(|>\)—O¢k Z+7 (Z)\kg—ak> Z)\gk _Z)\ék
LUk LA>k LA<k
linear increasing and convex decreasing?;nd convex

Hence, Ly (-|A) is concave, which means that it crosses zero at most two times. Using Lemma C-3 we
conclude that in the exponential case allocations have at most one step in which randomization occurs.

Lemma C-3 For any dual-feasible variable A associated to the IC constraints define

L) £ auy(2) + AL ST = 3 . (F)

Z
Cl£k C0£k

If Li(z|A) crosses zero at most p times then the optimal allocation ), has at most |p/2] intervals where

randomization occurs.

Proof of Lemma C-3. We divide the proof into two parts. In the first part we construct a
new dual problem and state the complementary slackness conditions. This part of the proof follows the
general theory of linear programming in infinite dimensional space developed by Anderson and Nash
(1987). In the second part we exploit the complementary slackness conditions to show that the optimal
allocation xj, has at most [p/2] intervals where randomization occurs.

Part 1. Define the cone of non-negative non-decreasing functions

K £ {x:]0,0m4:] — R|z is non-negative and non-decreasing function}. (Primal Cone)

67



The general formulation of the seller’s problem is

Omax
(P) max —Zakuk —{—Zak/ (2) fr(2)d=

st zr() ek, Vke{l,...,K}
zp(0) <1, VO €[0,0mas] ,Vke{l,...,K}
up >0, Vked{l,...,K}

gmaz _ emaz _
up + / 2 (2)Frp(2)dz > ug —I—/ o (2)Fp(2)dz, Vk K €{l1,...,K}.
0 0
Note that the dual cone of K is

={g: / " z)dz >0, V0 €|0,0maz}- (Dual Cone)

The Lagrangian is

K
/J(:):,u,)\,ﬁ,w) :Zuk <—Oék+wk+ Z )‘kf_ Z )\€k>
k=1

L:l#£K C:l#k
K emaz —
+ Z/ xp(z) (akuk( ) fr(2) + Fr(z Z Akt — Z Ak Eo(2) + Br(z) — le(z)>d2
k=170 00k O£k
K emax
w3 [ e
k=170

where () are the dual variables associated with the monotonicity constraints, 7, are dual variables
associated with the constraints z;(#) < 1. While A, w correspond to the dual variables associated with

the IC an non-negativity constraints respectively. This yields the following Dual program (D):

K emaz
min Z/ N (2)dz
k=170

St —ap +wg + Z)\M— Z/\gk:(),

Ce2k (02
i (2) fr(2) + Fi(2) - D Ao — D> MFu(2) = ni(2) — Bi(2), Yk, V2 € [0,0maal
(02 (02

Aw,n() >0, B, eK", Vk.
And we must have complementary slackness:

e For the monotonicity constraints (the cone constraints) this means that if zj(-) changes at some

6 then [ 8, (z)dz = 0. Also 2(0) - [™** B(z)dz = 0. All of this for all k.
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e For the upper bound constraints: (1 — x(0)) - n,(0) = 0 for all 6 € [0, 0,,42] and for all k.

Part 2. Consider an optimal primal-dual pair. Let xj be the primal solution for interim type k,

and S, n; and A, w the corresponding dual solutions. Observe that from dual feasibility we must have
Jr(2) - Li(2|A) = mi(2) = Br(2), V2 € [0, Omacl. (C-35)

Let us denote by 2; < --- < %, the points where Lj(:|A) crosses zero, and we let 2y = 0 and 2,41 = pmqa-
Note that Li(0maz|A) = @ - Omaz > 0, and by the feasibility of A we have L;(0|A) = —wy/ fr(0) < 0.
Let 2z} £ inf{z € [0, 0maz] : x(2) = 1} (if 7x(2) never equals 1 we take 27 = ,,4,). We can assume
that zi > 0, otherwise zj(z) would be equal to 1 everywhere in [0, 0,42 and the result would follow.
In turn, there has to be a change on zj around 2] and, therefore, complementary slackness implies
that f:{”‘” B (z)dz = 0. Moreover, since xi(z) < 1 for all z < 27 complementary slackness implies that

n,(z) = 0 for all z < z7. Therefore, Eq. (C-35) becomes
fe(2) - Li(2|X) = =Bi(2), Vz €[0,2]). (C-36)

Let g be the largest index in {0,1,...,p} such that 2, < 2j. Note that 27 € [Z, Z5+1]. We show the
following claim:

Claim 1. Ly(-|A) is positive in (24, Z4+1) and 2] = Z,.

Proof of Claim 1. First suppose that Ly(-|\) is positive in (24, Z411) we show that 2 = Z,. If
not then for any z € (24, 27) we have Lj(z|X) > 0 which thanks to Eq. (C-36) yields 5,(z) < 0 for any

z € (24,27) and, therefore,

Omax 2y max 2]
[ iz = [ [ ez = [T s <o (C-37)

|
=0

but this contradicts the fact that 8, € K*. That is, 27 < 2, but since 2z, < 2] we conclude that
24 = 27. To complete the argument suppose Li(-|\) is negative in (24, Z24+1) then, in particular, Lj(:|X)
is negative in (27, 24+1) and from Eq. (C-35) we deduce that 3, () > 0 for all 21, 2,41). Hence, for

% 2
any 21%, Zg+41)

Gmaz 2 emuz
_ / B, (2)dz = / B, (2)dz + / B(2)dz > 0, (C-38)
2} 2z 2!
>0 >0

a contradiction. In the second bracket we use the fact that 8, € K*. This concludes the proof of Claim
1.
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This shows that z;(-) equals 1 in (£, 0mqz] and that it changes value at Z,. Now, from Claim 1
we now that Lj(-|A) is negative in (24—1, 2;) and, therefore, from Eq. (C-36) we deduce that ((-) is
positive in (Z4-1,%,). This together with ff{”” Bi(2)dz = 0 imply that zj(-) is constant in (2,-1,%,)
(by means of complementary slackness any change would yield a contradiction). Let’s denote the value
of z1(+) in (24-1, 24) by x,- Note that of x, = 0 we are done. Similarly to what we did before we define
z5 £ inf{z € [0,2,-1] : zx(2) = x,}. Note that z5 < Z,_1. If z5 = 0 then we z4(-) equals x, for all
values below z, and, therefore, there is nothing more to prove. So assume z3 > 0. If 25 = 2,1 then
x(-) changes value at Z,_; and, therefore, by complementary slackness fz(i:(ix Bi(z)dz = 0. However,
Ly (-|A) is positive in (24—2, Z,—1) which by Eq. (C-36) implies that (3, is negative in (2,2, 2,—1) but
this would contradict the dual feasibility of 3,. Hence, we can assume that 25 < Z,_1.

Let g2 be the largest index in {0,1,...,¢ — 1} such that 2, < z5. Note that 25 € [24,, 24, +1]. As
before we can show that L (-|\) is positive in (24,, 24,41) and 25 = Z4,. Note that this implies that the
value x, of x;(-) extends for at least two intervals, namely, (2,2, 2,-1) and (241, Z,)-

The previous argument can be applied iteratively over all intervals defined by 21 < --- < 2,. Since
in each step of the argument we cover two interval we deduce that there can be at most |p/2] different
value of x, where ¢’ is defined in every step as we did before. Moreover, if Lj(0]A) < 0 then in the
interval (0,21) the dual variable (3(-) is positive. Because f;lm‘”” Bi(z)dz = 0 (this follows from the
steps of the argument) and z(0) - foe"““” B(z)dz = 0 we must have £(0) = 0 and so in the last interval zj

equals 0. m
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