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Abstract

This paper studies the entry-exit dynamics of an experience good industry. Con-
sumers observe noisy signals of past firm behavior and hold common beliefs regarding
their types, or reputations. There is a small chance that firms may independently
and unobservably be exogenously replaced. The market is perfectly competitive:
entry is free, and all participants are price-takers. Entrants have an endogenous
reputation pg. In the steady-state equilibrium, ug is the lowest reputation among
active firms: firms that have done poorly leave the market, and some re-enter under
a new name. This endogenous replacement of names drives the industry dynamics.
In particular, exit probabilities are higher for younger firms, for inept firms, and for
firms with worse reputations. Competent firms have stochastically larger reputa-
tions than inept firms both in the population as a whole and within each cohort,
and thus are able to live longer and charge higher prices.

JEL Classification: C7, D8, L1

Keywords: reputation, industry dynamics, free entry, exit and entry rates

1 Introduction

By now there is a large empirical literature that studies the dynamics of firms within an
industry. Among the most salient patterns that have consistently been found are': (1)
The presence of sizeable entry and exit rates even in industries that are scarcely growing,
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with large heterogeneity across industries (Dunne et al., 1988); (2) younger firms are —
ceteris paribus— more likely to exit and also (3) more likely to charge lower prices (Foster
et al., 2008).

A recent strand of the literature adds a number of regularities related to firms’ reputations.
McDevitt (2011) focuses on an industry where firms with widely different track records
compete with each other, and where exit, entry, and name changes occur frequently.
Similarly, Cabral and Hortacsu (2010) study the reputational mechanism of eBay, an
online auctioneer. These studies confirm previous findings, and add that: (4) the firms
that are more likely to change names or exit are those with worse or shorter track records
(McDevitt, 2011); and (5) the probability that a given seller will exit the market increases
as its reputation worsens (Cabral and Hortacsu, 2010).

This paper presents a model of an industry in which the dynamics are driven entirely by
reputation. The model is fully consistent with the five patterns above, and yields novel
theoretical predictions as well. As in those industries analyzed by the recent empirical
literature, in our model the active firms are not only heterogeneous in age (as defined by
the number of periods that have elapsed since the firm began operating under its current
name), but also within any age cohort they are heterogeneous in both records (histories)
and prices.

Ours is an adverse selection model with imperfect public monitoring. Reputations are
the common belief regarding a firm’s type. There is perfect competition in the sense of
Gretsky et al. (1999): firms are price-takers, and there is free entry. The incumbents’
reputation is the Bayesian update of a common prior given an observed history of (imper-
fect, public) signals; the entrants’ reputation is also a consistent belief. Incumbents have
the option to re-enter the market under a new name. In the non-revealing, pure strategy
equilibrium that is our focus, they choose to exercise this option whenever their reputa-
tion falls below a threshold, so that (5) holds. This threshold coincides with the entrants’
reputation. In the steady state, there are exit and entry flows while the industry as a
whole is stagnant, as in (1). Competent firms’ reputation stochastically dominates that
of inept firms; still, full separation is never achieved. Thus, the option to change names
is used more intensively among the inept, so that (4) holds. As a consequence, each time
the option is exercised the reputation distribution of any given cohort shifts to the right,
and thus older cohorts have stochastically better reputations. In turn, this also implies
that the probability of exiting the market is decreasing in age, as in (2). Moreover, since
prices are increasing in reputation, (3) holds. Even though the reputation of older firms
first-order stochastically dominates that of younger ones, there is always heterogeneity
both within and between cohorts; in fact, the reputation distributions for all cohorts have
full support.

The theoretical literature has investigated a number of possible explanations for the five
patterns above. One strand asks whether such dynamics can be the result of individual
productivity shocks in a perfectly competitive market for a homogeneous good (the semi-
nal paper of Hopenhayn, 1992, stands out). A related strand looks at the combination of
productivity shocks and financial frictions (Cooley and Quadrini, 2001, Albuquerque and
Hopenhayn, 2004, Clementi and Hopenhayn, 2006) or labor market frictions (Hopenhayn
and Rogerson, 1993). While (1) and (2) are consistent with this view, the law of one
price is at odds with (3). Also, the empirical concepts of reputation and track records do
not have a theoretical counterpart in this setting. The same is true in Fishman and Rob
(2003), a paper in which the dynamics of the industry are driven by consumer inertia in
a context of search costs and older firms sell more because they have a larger customer
base.



On the other hand, there is a large body of theoretical literature that looks at the creation
and maintenance of firms’ reputations in markets for experience goods (e.g., Klein and
Leffler, 1981, Fudenberg and Levine, 1989, and Mailath and Samuelson, 2001, to name
just a few; Mailath and Samuelson, 2006, and Bar-Isaac and Tadelis, 2008, present com-
prehensive expositions of the literature.) This literature discusses primarily the monopoly
case. In spite of this, some papers still manage to look at entry and exit decisions. For
instance, Bar-Isaac (2003) assumes that the firm has the option to leave the market.
When the firm knows its own type, in equilibrium the high-quality firm never leaves,
while the low-quality firm plays a strictly mixed strategy at low levels of reputation—i.e.,
below some threshold. The mixed strategy is such that the post-exit reputation of any
firm that has crossed the threshold becomes the threshold. Having a strictly positive
probability of exiting, the low-quality type eventually leaves; this implies that there is
complete separation in the long run. Board and Meyer-ter Vehn (2010) extend this anal-
ysis by incorporating moral hazard and the possibility of entry, and focus their analysis
on the investment and exit decisions over the life cycle of the firm. In this equilibrium,
the entry-level reputation coincides with the threshold as well.

Within the strand of the literature that looks at reputation dynamics in competitive mar-
kets, some papers focus on markets in which the information flow to potential customers is
quite limited, and fundamentally different from that to customers—namely, private mon-
itoring; Horner (2002) and Fishman and Rob (2005) stand out. Instead, we want to
examine markets where information—albeit imperfect—flows constantly to potential cus-
tomers as well; for instance, the eBay feedback system (Cabral and Hortacsu, 2010), or
the complaint record of plumbing firms (McDevitt, 2011). Indeed, the internet-related
technological progress turns an increasing number of markets fall into this category by
providing means of communication among customers; think for instance of the travel
industry with TripAdvisor, Expedia, etc.

Tadelis (1999) is one of the first papers to formally analyze competition under imperfect
public monitoring. It presents an adverse-selection model with a continuum of firms.
However, the author focuses on an equilibrium where firms leave the market after one
bad outcome; this means that active firms either don’t have any history (they are new), or
they must have impeccable records. Tadelis (2002) develops a similar model, under moral
hazard. While this kind of model can explain certain stylized facts of industry dynamics,
like the differences in pricing and probability of exit between cohorts, it cannot explain
the observed heterogeneity in these variables after controlling by age: all firms of the
same age must have the same records and reputation. In particular, it cannot account
for observations (4) and (5) beyond age.

Our model recasts Mailath and Samuelson (2001)’s in a Walrasian environment, obtaining
heterogeneous reputations even in the steady state (as in Vial, 2010, but considering
entry). In our model, the entry-level reputation and the reputation distributions are
endogenous. These variables turn out to be important determinants of the industry
dynamics, as the rate of endogenous exit (hence the exit-entry flow) is tied to them.
Hence, our paper complements recent literature on reputation under competition that
features heterogeneous reputations, where some papers assume the entry-level reputation
to be exogenous (e.g., Ordonez, forthcoming) while others obtain it independently from
the reputation distributions because of their focus on mixed strategies (e.g., Atkeson
et al., 2012). When analyzing industry dynamics, the difference between mixed and pure
strategy equilibria becomes important: in the former case, there are incumbents among
those with the entrants’ reputation while in the latter only entrants carry the entry-level
reputation. In each case the resulting age distributions of firms are therefore different.



The entrants’ reputation pg is a consistent consumer belief. This consistency condition
ties together consumers’ belief updating, the reputation distributions, pugp and the firms’
strategies in a non-trivial fashion. The reputation of entering firms must coincide with
the fraction of competent firms among them. However, the mass of competent firms that
choose to change their names and re-enter the market depends precisely on the level of
reputation with which they would re-enter—and so does the reputation distribution. We
prove that such a consistent entry-level reputation exists, and moreover, that it is unique
(Theorem 1). Within this equilibrium, the determinants of the entry-level reputation
up are purely informational.? We find that the entry-level reputation is increasing in
the exogenous replacement rate (Theorem 3): industries in which competence is more
transient (for instance, because of a high rate of technological development), the entry-
level reputation will be more demanding.

We also find that highly reputable firms are less likely to cross the pg barrier during any
given time interval (Theorem 4), so that “better” names last longer, in a stochastic sense;
the same is true of competent firms, both in the population as a whole (Theorem 2) and
within each cohort (Theorem 5). As a consequence, as time goes by each generation or
cohort of firms improves its reputation (Theorem 6).

The rest of the paper is organized as follows: Section 2 presents the model. Section 3
introduces the equilibrium concept. Section 4 discusses existence and uniqueness issues;
it is technical and can be skipped without loss of continuity. Section 5 examines the
relationship between the replacement rate and the turnover ratio. Section 6, the core of
the paper, analyzes the dynamics of the industry in the steady state.

2 The model

2.1 Preliminaries

We consider an infinitely repeated game in which, at every date t = 0,1,2, ..., a market
for a given service opens. Firms are long-run players, while consumers are not. Instead,
at every stage there is a different generation of short-lived consumers.

The service is an experience good as per Nelson (1970): its quality is ex ante unobservable
to buyers. We assume that there is no communication among consumers. Since consumers
only live for one period, the information each one obtains as a result of consuming the
service is not transferred to the next generation, but lost altogether. Hence, quality is also
unobservable ex post. Nevertheless, after consumption takes place, an imperfect signal r
of the quality each active firm provided is publicly observed.

Each generation of consumers is of mass 1. In contrast, there is an unlimited supply of
potential firms. Each individual may consume or produce at most one unit per period.
Hence, while all consumers may purchase, not all firms will be able to sell. We call “active
at ¢’ a firm that produces at time ¢, and “inactive” a firm that does not. We will assume
that consumers are homogeneous, and that their willingness to pay is high enough so that
they all buy; as a consequence, the mass of active firms will-in equilibrium—be 1.

2In contrast to Bar-Isaac (2003), Board and Meyer-ter Vehn (2010) and Atkeson et al. (2012), in our
model the determination of g is independent from the zero-profit condition.



There are two types of firm: competent (C') and inept (I). Competent firms are those
that can only produce a high-quality variety of the service, while inept firms can only
produce a low-quality one. The total mass of competent firms is denoted by 6, constant
over time and less than 1.

Each active firm is subject to the possibility of dying. A dead firm is replaced immediately
by a newly born firm. While consumers are aware of this replacement process, they do
not observe it. The process is assumed to be i.i.d. across time and firms. A denotes the
probability of dying, and ¢ the probability that a dead firm is replaced by a competent
one. This replacement process ensures that throughout any history there is never almost
certainty about any firm’s type. In effect, Cripps et al. (2004) shows that the adverse
selection model with imperfect monitoring needs a mechanism for replenishing uncertainty
about types in order for doubts about players’ types to persist in the long run. Different
mechanisms have been studied. One of them is given by information frictions, such as
limited memory (Liu and Skrzypacz, 2009), coarse observability (e.g., in Ekmekei, 2011, in
which consumers observe discrete ratings rather than full histories), or costly observation
of records (Liu, 2011). A second, related approach is that of Tadelis (1999) and Tadelis
(2002), where consumers forget certain aspects of a history (what he calls “reputation
reduction”), with the same effect. Another mechanism is provided by “trembles”, as in
Levine and Martinelli (1998). The approach we follow is the one advanced in Mailath
and Samuelson (2001). By adding an unobservable replacement process, consumers are
never certain of who they are dealing with. The replacement of exiting firms may be
plainly exogenous (our choice) or endogenous as it is in the literature that studies the
possibility of trading names.? If instead of a replacement process we had chosen a process
of unobservable type changes, the dynamics of the industry—which is the focus of our
paper—would be exactly the same.

On the other hand, a mass < 1 of competent firms is also born each period among
inactive firms. Note that for the total mass of competent firms to be constant over time,
it is necessary that ¢ = L{”.

Types are privately observed. Thus, this is a pure adverse selection model. Hence, from
the consumers’ perspective, the probability of receiving a high-quality service is the same
as the probability of facing a competent firm.

Firm names play a key role in our model. Consumers only observe each firms’ name and
the history of public signals since the last spell of uninterrupted use of that name. They
don’t know if that name has always belonged to that firm, or if it was first used by some
of its predecessors. In that sense, a firm’s reputation is really the reputation of the name
they are currently using.

When a name is not used in one period, it is forgotten by consumers—together with its
associated signal history. Then, should a firm become inactive for one period or longer,
consumers will forget its history. The next time the firm becomes active, it will have to
do so under a new name. Hence, maintaining a name requires remaining active without
interruption. In addition, the firm may also choose to change its name at the beginning of
each stage; we assume that this is done by exiting the market and reentering immediately.

Thus, a firm may have different names at different times according to the (endogenous)
name-changing process. Moreover, the same name may pass from one firm to another

3See, for example, Tadelis (1999) and Mailath and Samuelson (2001). A different strand of this
literature looks at the case in which trading names is observable, as in Wang (2011) and Hakenes and
Peitz (2007).



under the (exogenous) replacement (or birth-death) process, in which the latter inherits
the former’s history.

We assume consumers have common priors. The timeline for the stage game is shown in
Figure (1).

Stage t begins Trade Replacement

Exit/entry Signal 7; Stage t ends

[prior 7r,]  [interim gl [posterior 77, 4]

Figure 1: Time line for the date-t stage game

Consumers’ beliefs refer to the probability that a given name belongs to a competent
firm, conditional on all available information. We refer to this consumer belief as the
name’s reputation. At the beginning of each stage, each incumbent is endowed with a
prior reputation ;. Then, should the incumbent decide to produce (be active) at ¢, it
must choose whether to change its name to a new one—which will carry the reputation
associated with a name with no history pg—or keep its old name and prior reputation
L. We will refer to this as the firm’s interim reputation, and denote it by p;. This is
the reputation the firm will have when the market opens. After trading, the signal r,
will be publicly observed, and the replacement process takes place—yet it is unobserved
by consumers; the Bayesian update of the interim reputation given r;, which takes into
account the possibility of having being replaced, will be the firm’s posterior reputation.
This posterior will be the next period’s prior, and so it will be denoted by 7z, ;.

2.2 Signals

The signal r refers to any piece of information that is publicly available to consumers.
For instance, if the firms were schools, r could be the score percentile on a standardized
test; if the firms were academic journals, r could be their impact factor; if the firms were
health care providers, r could be their medical malpractice track records; if the firms were
car makers, r could be the consumer reports, and so on.

The signal lies in the open unit interval: r € (0,1). When a firm provides high quality,
its signal is distributed according to the c.d.f. Fg; when it provides low quality, it is
distributed according to the c.d.f. F. The p.d.f.’s are denoted by fg and fr,, respectively.
We assume that a higher signal makes it more likely that a firm provided high quality:

Assumption 1 (Monotone likelihood ratio). The likelihood ratio R (r) = f“f((:)) is a

monotonically increasing bijection from (0,1) to (0,00).

This assumption implies that Fyy (r) < F, (r) for all r, this is to say, the signal conditional
on H first-order stochastically dominates the signal conditional on L.



2.3 Firms

At every stage ¢, each firm chooses whether to produce or not (i.e., remain active in the
case of active firms, or enter in the case of inactive firms). We denote by ¢ € {0,1}
the production level. In addition, those active firms that choose to produce must decide
whether to keep their previous name or change it (by exiting and reentering immediately
at no cost). We denote by n; = 1 the decision to keep the name, and by n; = 0 the
decision to change it. Those firms that were inactive do not have this choice.

The date-t profits 7y are given by:

 p(w) —c ifg=1
m(pe) = { 0 otherwise (1)

where c is the production cost, and p (1) the competitive price for a service that is of high
quality with probability p. p reflects consumers’ beliefs, and is endogenously determined
in equilibrium, taking into consideration the equilibrium naming and production policies.

The production and naming decisions jointly maximize the expected, discounted profits:

(1=8))> (L=XN8"E[n], (2)

t=0

where § € (0,1) is a discount factor. The expectation depends on the firm’s type, as this
affects the signal distribution.

Firms have heterogeneous and ever-changing reputations. Let G; denote the cdf of prior
reputations at the beginning of stage ¢ of those firms that were active at t — 1. Stage ¢
begins with firms’ exit and entry decision. G; denotes the cdf of interim reputations of
those firms that chose to be active at t. Thus, G; and G; differ because some active firms
chose to exit, some to re-enter, and some inactive firms decided to enter (the last two
with a reputation pug).

The superscripts C' and I denote the corresponding subpopulations of competent and
inept firms. Lemma (3) below proves that there is a unique steady-state pair of reputation

.. . —C —I
distributions G~ and G .

2.4 Consumers

Consumers are homogeneous. Their willingness to pay for a high-quality unit of the
service is B (with S > 0), while for a low-quality one it is normalized to zero. Hence,
when facing a reputation-u firm, the expected utility of buying is:

Elu] = pp —p, 3)

Consumers are indifferent between two firms with reputations p and g if p (1) —p (i) =

Bp—w).



2.5 Equilibrium: definition

By equilibrium we mean stationary Markov perfect equilibrium. Each firm’s state variable
is the (commonly known) prior reputation %, and its (privately known) type 7 € {C,I}.
Recall that if a firm does change its name, its previous history becomes unobservable to
consumers; as a consequence, its reputation is not f,. Rather, consumers do not distiguish
among entering firms, regardless of whether they were active or not in the previous period.
Thus, all entrants will have the same reputation level, denoted by pug. Hence, the firm’s
reputation is given by:
pe = nefly + (1 —ng) pp

Definition 1. An equilibrium is:
e A naming policy function n (%, 7);
e A production policy function q (%, 7);
e A price function p (u);

e A belief system, namely:

— A probability that a firm is competent

T 7, = o(tt—1,71—1), the Bayesian update of the prior p;—1 given the signal
ry_1, for firms that were active in the previous period and kept their names

1 An entry-level reputation ppg, for firms that enter under a new name, and

. . . . .. . —C —=I
— A pair of steady-state, population-wide reputation distributions (G ,G ) for
active firms

such that:

E1. Beliefs are consistent,

E2. n and ¢ maximize (2),

E3. Consumers’ choices maximize (3), and
E4. The market clears.

As is common in this kind of model, many equilibria are supported by different off-
equilibrium-path beliefs. For instance, there is a trivial equilibrium with no reputation-
building: All consumers believe only inept firms are active at all times, so that every active
firm has a null reputation and is indifferent as to whether to produce or not. Instead,
we look at a reputational equilibrium—an equilbrium where the reputation of each firm
is affected by its signals. Specifically, we are assuming that signals and only signals
affect the reputation of firms that remain active; in particular, the naming decision is
uninformative. As competent and inept firms with reputations higher than pug will keep
their name (see Section 3 below), the event that a firm keeps its name in the equilibrium
path is indeed uninformative—there is no assumption so far. Firms with priors below pg
will change their names. Should one such firm—contrary to the equilibrium strategy—keep
its name, we assume that consumers won’t change their prior. For instance, they interpret

this deviation as an uninformative “tremble”.*

4A few remarks are in order. First, any out-of-equilibrium belief that assigns a deviator a reputation



3 Reputational equilibrium

Price function. Consumers must be indifferent among providers. Thus, E3, together
with the assumption that consumers are homogeneous, implies that the price as a function
of p is given by:

p(n) =a+Bu (4)
where a < 0 for consumers to buy. More reputable firms are paid higher prices.

Remark 1. With heterogeneous consumers, none of the main results would change. For
instance, if consumers varied in their willingness to pay, the equilibrium assignment would
be positively assortative, as in Vial (2010), and the price function’s slope would depend
also on the supply side, namely, the population-wide reputation distribution.

Naming policy. Writing the firms’ optimization problem (2) for a type 7 firm in re-
cursive form, we get:

v (1) = (1= 0)max{q(n(p(m) —c) + (1 —n) (p(ur) — ) +

1
$1-N [ vl tm+ 0= ugr) 4 (- Qe r)dr b 6)

Notice that if the firm chooses not to produce at a given date, the state in the following
period would be (g, 7) should the firm continue to exist.

Lemma 1 (naming policy). The optimal naming policy is to choose the highest between

wand pg:
n’ (#,7) { 0 otherwise

Proof. Since the price is increasing in reputation, so is the flow utility. On the other hand,
the law of motion ¢ is also increasing in this argument since it is the Bayesian update of
the a priori u. Then, a firm that wants to produce prefers to do so at the highest available
reputation. [

Observe that both types find it optimal to act in the same way. Then, firms choose to
change their name as soon as their reputation falls below the threshold pg. The value
function becomes:

v(n,7) = (1 —d)max{q(p(u) —c) +

6(1—A>/0 v(qw(u,TH(l—q)uE,T)dFT} (6)

where
= max {f, pp} (7)

strictly smaller than pup also supports these equilibrium strategies. This is so because any such belief
makes it optimal for low-reputation firms to change their names. Second, there is no equilibrium in which
low-reputation firms that keep their names get a reputation higher than pg. If they did, then the inept
firms would also want to keep their names—and at these reputation levels the fraction of competents is
smaller than pg. Third, a mixed-strategy equilibrium in which some firms with a prior reputation below
ug keep their names and get a reputation equal to pp is conceivable. This is the sort of equilibrium
analyzed in Bar-Isaac (2003). This equilibrium is not essentially different from the one we focus on, since
it is still the case that the interim reputation is the maximum between the prior and the entry-level
reputation.




Production policy. Since there is an unlimited number of potential entrants, compe-
tition will drive prices down so that a positive mass of firms choose to stay out.

Lemma 2 (production policy). The optimal production policy is:

¢ (mC)=1 Vi

¢ (B, 1) = L
Oorl ifm<ug

This is to say, all competent firms will always be active, and so will inept firms with a
reputation above the entry-level. The other inept firms will be indifferent as to whether
to produce or not.

Proof. The value function (6) is increasing in p for both types. On the other hand,

v (p, C) > (p,I)

because the signals for a competent firm are stochastically larger than those of an inept
one. It follows that the free-entry condition applies only to inept firms:

v(pg,I)=0
O

It follows that market clearing is obtained when a mass (1 — 6) of inept firms are active.
The equilibrium price function (i.e., @) is pinned down by the no-entry condition for inept
firms:

1
vlug.) = (=) { ot s =0+ 3= [ wleupr), DL =0

Beliefs. FEach firm’s reputation is formed as the Bayesian update of a common prior
upon observation of the public history. As usual, we require beliefs to be consistent with
the equilibrium strategies.

At the begining of the game (¢ = 0), the mass of competent firms is §. From then on,
a firm with a given name dies with probability A and passes its name to a newly born
firm, which is competent with probability ¢. This process is hidden to consumers. Hence,
from the consumers’ viewpoint, names are associated with underlying firm types that
may change according to the transition matrix in Table (1). This process, though, is
taken into consideration in the Bayesian update of the name’s prior p given the signal r
as follows:
fu (r)p

fa(r)p+ for)1—p) ®)

In effect, the probability that the firm under that name is competent at ¢ (Pr (7z = C' | py—1,7¢-1)=
@ (tt—1,7¢—1)) is made up of the probability that there was a previous firm that died and

was replaced by a newly born competent firm (A\¢), and the probability that the firm
survived (1 — A) times the conditional posterior probability of it being competent at ¢

after a signal ;1.

@ (1,7) = A+ (1= A)

10



Type at ¢ (1¢)

C I

Typeatt+1 C | 1—-XA+ Ao Ao
(1) 1| AQ-¢) 1-x¢

Table 1: Transition matrix for types under fixed names

We now turn to the consistent entry-level reputation pp. It must coincide with the
fraction of competent firms among the group of entrants:

Competent entrants

HE = 9)

Entrants

Before the exit-entry process, the mass of competent firms is  — 7, the sum of:

e active competents that survived: 6 (1 — \)
e newly born competents that replace active competents that died: OA\¢

e newly born competents that replace active inepts that died: (1 — 8) g

According to the optimal production and naming policies, the competent entrants are

c
then the sum of all competents whose reputation fell below pg, (0 —n) G~ (1ug), because
they change their names, and all newly born competent among inactive firms, 7.

The inept firms whose reputation fell below pg either change their names (i.e., exit and
re-enter), or simply exit to be replaced by other, previously inactive, firms. Regardless,
since market clearing (E4) requires the mass of active firms to be 1 at all times, then
the mass of entrants must equal the mass of exiting firms. Thus, the mass of entrants is

G (kE).

The righ-hand side of Equation (9) can be written as:

—C

0 —nG (up)+n
G (ke

Then, a consistent entry-level reputation pg is a fixed point of ¢). Theorem 1 shows that

there is only one such pg. Figure 2 depicts a numerical example of steady-state reputation
distributions, and the corresponding 1 function; the uniqueness of pg is apparent.

¥ (pp) = (10)

5Recall that ¢ = 0 — 1/x.
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(a) G () and G’ () (b) $(n)
Figure 2: Reputation distributions and consistent entry-level reputation

Notes: 7|, ~ Be(r|3,2) and 7|, ~ Be(r|2,3). The parameters are A =
0.1, 0 = 0.5 and n = 0.025. The resulting pg is 0.26.

In equilibrium, the net inflows of firms must be zero. If there is entry, there must be
exiting. When competent firms are born among inactive firms (i.e., 7 > 0), the entry-level
reputation pp must be strictly larger than A¢, so that a positive mass of low-reputation
firms chooses to leave the market and stay out. The newly born competents will enter.

On the other hand, when no competent firms are born among inactive firms (i.e., n = 0),
the only firms that would enter are those that exited because of having a reputation
lower than the entry level threshold. Each individual firm’s reputation would change by
erasing its history, but the mean reputation of the group cannot change, as consumers are
aware of the fact that the entrants are the same ones that just exited. Then, this adverse
selection argument shows that the entry-level reputation pg cannot be larger than A¢: A
consistent entry level reputation is one so low that nobody wants to change their name.

4 Existence and uniqueness

Section 3, assuming the existence of a non-revealing reputational equilibrium, character-
ized the equilibrium strategies. This section shows that there is a unique pair of steady-
state reputation distributions and a unique entry-level reputation which are consistent
with those equilibrium strategies.

We proceed in two steps. First, the entry-level reputation is assumed to be an exogenous
parameter y € (0,1). Under this assumption, we explain how Bayes’ law defines the
stochastic change over time of individual reputations, as signals accumulate. We also
establish the difference-equation system that defines the dynamic process of population
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distributions, for a fixed, arbitrary, entry-level reputation y. Lemma 3 shows that there is
a unique steady-state distribution pair for competent and inept firms. This existence and
uniqueness result is important because we want to focus on steady-state equilibria. The
analysis also allows us to characterize those distributions: They are comparable under
first-order stochastic dominance, are continuous and have full support.

Second, the entry-level reputation y is endogenized by requiring it to be consistent: y =
pe. Indeed, consistency implies that the fraction of competent firms among those active
firms whose histories grant them a given reputation u is precisely p, and similarly, that
the fraction of competent firms among entrants is precisely pg. These two properties
turn out to be closely related. In the steady state new firms will enter (and some old ones
will exit) if and only if new competent firms are born among inactive firms.

This section is technical, and can be skipped without loss of continuity.

4.1 Fixed, exogenous y

Rewriting Equation (8) in the likelihood ratio form we have:

P0r) =30+ (1= X) oI (11)

Define the functions 7 (z, 1) and i (z,r) from z — @ (1, ) as:®
- F(m,u)@m:/\q§+(1—)\)R(f]?x(it(;;’:zzlfM, (12)
o= i) e =g+ (1- ) = AT (13)

R(r)ﬁ(m,r)—i—l—/l(x,r)'

The first function, 7 (z, ), says what the signal value should be for a firm of current
reputation g to have a reputation x the next period. The second function, f(z,r),
indicates what the reputation was in the previous period of a firm with a signal r that
currently enjoys a reputation . Similarly, ¢ (u,7) is the reputation in the next period of
a firm that started off with a reputation x4 and whose signal was r.

Appendix A shows that the end-of-period reputation cdf for each type of firm is thus
given by:

—C O(1=A+)¢) (1-6)A¢ r(x, ~

G @) | _ [ 55 T B GE e dFe o,

1 A8 (1-0)(1-Aé) ") g1 (14)
0 t

G () T—6+n T—6+n (i (z,7)) dFy,

The exit-entry process changes these distributions in two ways. First, firms whose rep-
utation fell below the threshold y replace their reputation with y, so that the evolution
of p; is actually defined by p; = max{¢ (g¢—1,7¢—1),y}. All competent firms remain
active, since competent firms with a low reputation clean up their names and re-enter
immediately. Second, there is a mass 7 of newly born competent firms.

6 Assumption (1) ensures that ¢ is strictly increasing in r, so that higher signal values always improve a
firm’s reputation. Moreover, the image of ¢ is (A¢, A\¢ + 1 — A) because the likelihood ratio is surjective:
P ((Ap, 1 =X+ Xp) x (0,1)) = (Ap,A¢p + 1 — A). On the other hand, it is readily seen that ¢ is strictly
increasing in p, and continuous. Hence, being onto, it is a bijection, and these implicit functions are
well-defined.
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These cdf’s are transformed by the entry-exit process as follows:

o 0 ife <y
@) =11 (1+0-mTlou () tazy
. 0 ife<y
Gy (@) = s (*77 +(1—-60+n) @;_1 (x)) ife>y (%)

. . —C
Note that when n = 0, G¥,; and G{,, are simply the truncated versions of G, and

G, respectively, because the only change is the replacement of the lowest reputations
by .7 On the other hand, when 1 > 0, the mass of newly born competent firms enters
to replace an equal mass of currently inept firms.?

Replacing in (15) and rearranging, we get:

—C 1—A+A -
( G (@) ) _ ( UATX), e, ) < Fy (7 (2,)) )
G (2) WDy gy, J\ FL( (@)
L Q=Adde) ZGE N (NG i) dEy ) g
A(1—¢)(0— #(zy) =, ~
AZGE (1 Ag) o VG (i () dFY
Define the right-hand side of Equation (16) as the operator T' in B[0,1] x B0, 1]-the
product space of continuous bounded functions. The steady-state reputation distributions

G and G’ are a fixed point of T'. Since T depends parametrically on y, so do G and G-

Lemma 3. T has a unique fized point for any given y € [Ap,1 — XA+ Ap]. Moreover:

1. éc and G are absolutely continuous with support [Ap,1 — X + Ad]

2. G¢ and G have the common support [max {y, \¢},1 — X\ + \¢]

Proof. In Appendix B. O

The steady-state distributions are continuous in the parameter y, as they are the fixed
points of a contraction.’

In equilibrium, then, there will be a unique pair of steady-state reputation distributions.
Their absolute continuity follows from the absolute continuity of the signal distributions.
The corresponding densities will be denoted by g¢ and g’, respectively.

"The reader may wonder about the consistency of the supporting beliefs in this case. It is odd that
consumers assign a reputation y to firms that in equilibrium achieved a lower reputation in the previous
round. After all, the entry-level reputation should be the mean reputation for entrants. Indeed, Lemma 4
below shows that any consistent entry-level reputation is such that no firm ever wants to exit the market,
namely, pug < A0.

80bserve that when 7 > 0, it is necessary that the mass of exiting inept firms be sufficiently large so
that they make enough room for the entrants, in order for G{+1 to be nonnegative. This is a condition
over pup. Consistency will require this to be the case in equilibrium. However, this restriction has no
bearing on the convergence result we are about to describe.

9 See De la Fuente, 2000, Chapter 2, Theorem 7.18.
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4.2 Consistent y

When useful, we will stress the fact that G depends parametrically on y by writing
G’ (z,9); this is the fraction of type—7 firms with reputation no greater than x when the

distributions @C and él have been generated under the cutoff value y. We write ¢ (z,y)
accordingly as:

—C
0—n)G (z,y)+n
¥ (z,y) = — ; (17)
G (z,y)
This function is well defined for x > A\¢. Consistency requires that pug be a fixed point
of ¢ in both arguments, i.e., ugp =¥ (ug, LEg).

Observe that consistency also requires that the expected probability of being competent
in any information set be equal to the fraction of competent firms within that set. In
particular, the probability of being competent conditional on the firm’s reputation being
x should be exactly x:

= (9—77)§C (7, uE) (18)

9(z,pur)
When new competent firms are born among inactive firms (n > 0), the entry-level reputa-
tion must be high enough so that old firms wish to exit and make room for the newcomers.
Then, any consistent entry-level reputation must be larger than A¢. This can be appre-
ciated in Figure 2. Theorem 1 below asserts that there is actually a unique such ug.

Theorem 1. Ifn > 0, there is a unique consistent entry-level reputation pg. Moreover,
UE € (A¢79)

Proof. In Appendix C. O

Thus, when there is type change among inactive firms there is a continuous process
of endogenous name renovation. The next theorem establishes that the reputation of
competent firms is stochastically larger than that of inept firms, and hence this name
renovation is biased towards inept firms.

Theorem 2. Both before and after the exit-entry process takes place the reputation of
competent firms first-order stochastically dominates the reputation of inept firms. That

is, for allx € (A, 1 — XA+ Ao), fex (z,pup) < a (z,ug) and G¢ (z,pp) < GT (x, ug).
Proof. In Appendix D. O

Using Equation (18), we obtain:

—C
Elplp<pg|= G _Z)(;CjE (:EE)a LE) 19)

Thus, the consistency condition pug = ¥ (ug, pg) can be written as:

e =Bl | p < pp) + = (20)
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That is, the entrants’ reputation is the mean reputation that the firms that have just left
the market would have had if they didn’t exit, increased by the fact that a mass n of
inept firms that exit are replaced by the newly created competent firms that enter.

From Equation (20) it is clear that in the case of 7 = 0, where no new competent firms
are born among inactive firms, pg cannot be larger than A\0. Indeed, Equation (20)
becomes pup = FE[u | p < pgl. However, E[u | u < pp] < pg for all pg > A0; this is to
say, unless the event u < pg is null, Equation (20) is inconsistent. It follows that the
consistent entry-level reputation ug satisfies up < A0. Without loss of generality, we
assume that up = A0. When n = 0, then, there is no actual exiting or entry; as the
entrant’s reputation would be worse than any active firm’s reputation, no matter how
bad the track records may be, no firm would ever want to change its name. This proves
that:

Lemma 4. Ifn =0, the entry-level reputation pug is no greater than A0 in equilibrium,
and there is no actual entry.

0.9
0.8
0.7

0.6

0.4
0.3r
0.2+ w(m ILE)

0.1F

i

Figure 3: Consistent entry-level reputation when 1 =0

Notes: 7|, ~ Be(r|3,2) and 7|, ~ Be(r|2,3). The parameters are A =
0.1, 6 = 0.5 and = 0. The resulting pg is 0.05.

Summing up, this section proved that there is a unique steady-state reputation distribu-
tion for each type of firm G¢ and G', and a unique consistent entry-level reputation pz.
When no competent firms are born among inactive firms (n = 0), this pg is the lowest
possible, and as a consequence all firms want to keep their names at all times and there
are no exit-entry flows. Any reputation is better than pg. Nevertheless, the threat of
entry is not without consequences; rather, it serves the purpose of keeping prices down.
On the other hand, when new competent firms are born among inactive firms (n > 0), ug
is such that there are exit-entry flows, and at all times a positive mass of firms chooses
to change their names.
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5 Exogenous and endogenous replacement rates

The empirical literature on industry dynamics finds that there is considerable heterogene-
ity among industries in terms of entry and exit rates. On the other hand, these rates are
sizeable even in industries that are neither growing nor shrinking. Typically, within an
industry the gross entry and exit rates are similar to each other, but at the same time
they are orders of magnitude larger than the net rates (Dunne et al., 1988). Our focus
is on a steady state, where the net exit rate is zero. Still, there is a constant renewal

(exit and entry), given by G (ug)—the fraction of incumbents that leave the market, or
turnover ratio.

In our model there are two replacement processes: that of firms, and that of names. The
first one, although empirically unobservable, affects the latter. Theorem 3 discusses how
the replacement rate A affects the entry-level reputation pug:

Theorem 3 (entry-level reputation and replacement). The entry-level reputation ug is
increasing in A, the exogenous replacement probability.

Proof. See Appendix E. O

A higher level of A implies a decreased informativeness of histories, as the past becomes less
useful in predicting a firm’s current type. As a consequence, the reputation distributions
of competent and inept firms move closer to each other. By this mechanism, the fraction
of competent firms among those below the threshold pg increases, so that pp increases.
This is depicted in Figure 4.

I

(a) [exd (p) and @' () for different values of A (b) ¥(w) for different values of A

Figure 4: Distributions and consistent entry-level reputation for different values of A

Notes: r|g; ~ Be(r | 3,2) and 7|, ~ Be(r | 2,3). The parameters are 6 = 0.5
and 7 = 0.025.
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As for the turnover ratio, it not only depends on pg but also on the population-wide
reputation distribution—which shifts when X increases. Figure 5 shows that in our exam-
ple, when the replacement rate is small it has a large effect on ug but a negligible effect
on the turnover ratio G (ug), and that the opposite occurs when the replacement rate is
large. Notice that a larger ug means that less information transpires to consumers, as a
higher fraction of histories are erased by the name-changing process. Hence, the exoge-
neous decrease in the informativeness of histories given by the higher A\ has the effect of
a further endogenous decrease through this channel.

0.6 b
061

051 i
0.5-

o4r il 04t

2 Glue)
03 7 03
02p 1 02
o1t 1 04
% 01 02 o0s 04 05 08 07 08 % o1 o2 o0s 04 05 06 07 08
A
(a) pg for different values of A (b) G(ug) for different values of A

Figure 5: Entry-level reputation and turnover for different values of A

Notes: 7|, ~ Be(r|3,2) and r|, ~ Be(r | 2,3). The parameters are § = 0.5
and 7 = 0.025.

6 Industry dynamics

Our model has a number of predictions, some of which have been investigated empirically.
Cabral and Hortacsu (2010), in a study of eBay auctions, find that the probability that a
firm exits the market increases as its reputation declines (as defined by eBay’s reputation
mechanism.) In turn, McDevitt (2011) studies the plumbing services market in Illinois
and finds that, all else being equal, the firms that are more likely to change names or exit
are those with worse track records—a variable that resembles the history of public signals
in our model. Theorem 4 establishes that this is exactly what we should expect.

Regarding the cross section, the literature finds that younger firms are more likely to exit,
and charge lower prices, than older firms (Foster et al., 2008). In the same vein, McDevitt
(2011) finds that the exit probability is monotonically decreasing with age. Theorem 6
asserts that these findings are consistent with our model. It should be noted, though, that
in our model we track the age of names, not of firms. This is so because consumers do
not observe the birth-death process, and so they don’t distinguish among those firms that
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have acted under the same name. Hence, firms are the appropriate empirical counterparts
of names in our model.

We start by looking at the cross-sectional variation in exit rates:

Theorem 4 (Name dynamics). For any active firm, the probability of exiting the market
in the next period is:

1. Higher for inept firms than for competent firms;

2. decreasing in the firm’s reputation (both conditional and unconditional on type);
and also

3. decreasing in the current signal (both conditional and unconditional on type).

Proof. In Appendix F. O

The exit probability is the probability that the reputation falls below the threshold up.
Part (1) of the theorem follows from the fact that competent firms’ signals are stochasti-
cally larger than inept firms’; part (2) of the theorem follows from the fact that according
to Bayes’ rule, the posterior probability of an event is increasing in the prior; and fi-
nally, part (3) of the theorem follows from the monotone likelihood assumption. These
results are consistent with the empirical findings reported in Cabral and Hortacsu (2010)
and McDevitt (2011), that relate exit probabilities with reputation and track records,
respectively.

We now turn to the cross-sectional differences in reputation distributions of names of
different age in the steady state. This is to say, we compare across cohorts. Notice that
in the steady state, the group of age a looks exactly the same as the group of age 0 in a
periods in the future. In this sense, studying the cross-sectional variation (across cohorts)
is equivalent to studying the evolution over time of a given cohort.

Per Lemma 4, if no new competents were born among inactive firms (n = 0), then there
would be no entry nor exiting, this is to say, no dynamics. In this case, it is not possible
to distinguish among cohorts, as all names are introduced at the same time. Age is
irrelevant, as it is completely detached from reputation. This contrasts with Horner’s
model (Horner, 2002), where age and reputation are biunivocally related, as only firms
with perfect records survive.

On the other hand, as soon as there is a positive mass of competents born outside the
market (n > 0), a flow of entry/exit emerges.

Let a denote the age of a name that was introduced a periods ago in the market and
has been kept throughout (this, regardless of whether the firm that carries it has died
and been replaced in that lapsus or not). All such names conform the cohort a. Let é;
denote the prior reputation distribution of the set of firms of cohort a and type 7, and m,
its mass; similarly, G7, and m], denote the interim reputation distributions and its mass
after exit.

At any date, a new cohort of mass G (ug) enters. Out of them, a fraction u g, is competent:
m§ = ppG (ug). As all new names carry the same reputation up, we have:

0 ifx<
GS () = Gh(x) = { e

1 ifx>pp
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As time goes by, at each period two changes occur: (i) The birth-death process shifts the
masses of competent and inept firms within the cohort according to the transition matrix

1:
(mf+1)_<1>\+>\¢ v )(m0> o)
mhy )\ A1—¢) 1-X¢ my

and (ii) The mass of surviving names in each subpopulation 7 shrinks by a factor of
1-G, 1 (p E))7 as those firms that exit are not replaced by other firms from the same

cohort. Hence:
Mg =g (1 — G (NE)) (22)

In turn, the evolution of the prior reputation distributions in a given cohort at different
ages is given by:

—c (1=XA+Ap)mE Apme e ~
( &L (@) ) ) = 2o ( JT@E) GO (i (1)) dF g ) (23)

a+1 _
Ga+1 (J,’) A(l:(b)mf (1*)\¢)m1 for(za#E) GZL ([L (LE, 7,)) dFL

T
Mot Mot

The distributions of interim reputations relate to the priors’ as follows:

= ifx>pug

0 ifex<pgp
Gg(z) = {cg(@G;(uE) (24)
1-G, (1r)

Equation 23 is analogous to Equation 14. The only difference is in the weights. In the
population of active firms as a whole the total mass and the ratio of competent to inept
are constant over time. In contrast, not only each cohort is losing mass over time, but
also each type does so at different rates. Similarly, Equation 24 resembles Equation 15;
they differ in that within each cohort there is only exiting and no entrance.

Theorem 5 (Reputation across types by cohort). Within each cohort, the (prior, in-
terim) reputation of competent firms first-order stochastically dominates the (prior, in-
terim) reputation of inept firms:

(Va € N) (Vz € [Ap, 1 = A+ Ag)), G, (z) < éi (z) and GY (z) < GL (z)
Proof. See Appendix G O

Theorem 5 implies that conditional on age, inept firms are more likely to exit the mar-
ket than competent firms. As a consequence, the rate at wich the mass of competents

. . . . —C —I
decreases is smaller than that of the inepts in Equation (22), as G, (ug) < Gy (1E)-
In turn, this implies that the reputation distribution for each cohort as a whole improves
over time as each cohort ages:

Theorem 6 (Reputation across cohorts). The (prior, interim) reputation of age-a + 1
firms first-order stochastically dominates the (prior, interim) reputation of age-a firms
both, conditional and unconditional on types:

(Va € N) (Vz € [\¢, 1 — A+ A¢]), G (z)
G

at1 (%)
Proof. See Appendix H. O
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This “cleansing” effect is an imperfect, stochastic version of what happens in Horner
(2002). Figure 6 illustrates this in our example: older firms (i.e., names) have stochas-
tically better reputations than younger ones, and yet not even the limit distributions
are degenerate. This result is consistent with the empirical findings in McDevitt (2011)
and Foster et al. (2008), where the exit probability is monotonically decreasing in age.
Moreover, since better-reputation firms charge higher prices, this result is also consistent
with the finding that older firms charge higher prices.

Figure 6: Reputation distributions for different ages, G, (x)

Notes: 7|, ~ Be(r|3,2) and 7|, ~ Be(r|2,3). The parameters are A =
0.1, = 0.5 and n = 0.025. pg is 0.26.

Remark 2. Theorem 6 implies that the mean reputation is monotonically increasing in
age. The variance, however, is not. Figure 7 illustrates this in our example. As all
age-0 firms (i.e., entrants) have the same reputation pg, the variance starts at 0. As
time goes by and each firm gets a different realization of the signal process, variance
increases. The cleansing effect that excludes from each cohort a disproportionate fraction
of inept firms, however, brings the reputation of the surviving firms closer together.
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Figure 7: Mean and variance of reputations by age

Notes: 7|, ~ Be(r|3,2) and 7|, ~ Be(r|2,3). The parameters are A =
0.1, 6 = 0.5 and n = 0.025. pg is 0.26.
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Appendices

A Computation of the reputation distributions

This section derives Equation (14), which gives the distributions of reputation for competent and inept

types, Pr (41 <@ | 7e41) = G0 (2).

Stage t begins Market opens Birth/death
* Exit /‘ entry * Sign.al T * Stage.t ends
Individual reputation: 7, (prior) e (interim)
Reputation distribution: Gy Gt

Figure 8: Time line for the date-t stage game

Let Hﬁt+11#ta‘rt+lw‘rta7‘t denote the joint cdf of the random variables (ﬁt+1’ Lty Tty Tty Tt+1) after the time-t
exit-entry process and before the time-t 4+ 1 exit-entry process. At the beginning of this time interval,
the firms’ types are 7 and their reputation levels are p;; after r; is observed and the birth-death process
occurs, firms’ types are 7¢11 and consumers’ beliefs are updated to f;y,. H is a mixed distribution:
while p¢, jor and r; are continuous random variables, 7; and 7441 are discrete. Moreover, u; has a
point mass at y. The marginal cdf of H over p¢ is denoted by Gt (u¢); notice that it is discontinuous at
y. The marginal cdf of H over r; conditional on 7¢ is denoted by Fr,, and assumed to have a density.
Note that the distribution of r¢+ only depends on the type 7:. Hence, the distributions of reputations and
signals relate to H as follows:

Gii1 (@) = Hg, | jryy, (@ | 7) Gega(2) = Hp,, (2)

Gi(x)=Hyyr (| 7) Gt (z) = Hy, (2)
Fr (T) = HTtth (T | T)

On the other hand, the exogenous birth-death process among active firms at ¢ is independent of any other
variable, and is fully described by the joint distribution in Table (2):

Before (7¢)

C 1 Marginal
After C 0(1—X+)Aop) Ap (1 —0) 0—n
(o) I M(1-¢)  (1-X)(1-0) | 1-0+y
Marginal 0 1-6

Table 2: Joint distribution of types among active firms at ¢
Note: Recall that A (0 — ¢) = 7.

The marginal distribution over fz,, (before time ¢ + 1 exit-entry process), conditional on 7411 = 7/, is

the expectation of Hﬁt+1|ﬂt77ts7'tv7't+1 over p¢,rt, and 7.

o
Giy1 (@) =Pr (@ <@ |71 =7')

= Hﬁf,+1|7't+1 (:E | T/)

_ - ’
= ETtITt-H [ETtITt,Tt-H [Eﬂtlrty‘f'tﬂ't+1 |:Hl"t+1|”‘tv"‘tv7'tv7't+1 (m | pyry 7,7 )]H
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Notice that there is a functional relation between 7,y and (ut,7¢), as established by Equation (11):
Fep1 = @ (pt,mt)

This implies that 7, and (7¢, T¢+1) are conditionally independent given (u,r¢). Hence, Hg, lpesresreomess (z | pyry7,7') =
H-

i1 lie,re (z | p,7). Moreover, given (ut,7t), fiyy1 becomes determinate, so that:

Hﬁt+1|utﬂ't (@ | p7r) = L{pum<a}

Thus, we can write:

77—/
Gy () = ETtI‘Ft+1 [Ert|7t17t+1 [E#t|7'tﬂ'tﬂ't+1 [l{w(u,r)éw} (I | p,r, T, 7—,)}]]

There are different ways in which we can compute this expectation, depending on the order of integration
we choose. If we start with the expectation over the current type, we get:

é:ﬁ—ﬂ (z) = ZPr (Tt | 741 = T/) ETt\Ttﬂ't-H [EM\Tt,‘rt,‘rt-H [l{w(#»T)SI} (x | sy 7, T/)]]
Tt

Recall from Equations (13) and (12) that we write:
w=i(z,r) and r =7 (x,p)
for the implicit functions for p and r from = = ¢ (u, ). Hence:
Epyireremen Men<ay (@ 1w m )] = Buyjre om0 [Lasaeny (@ i 7)) = GF (A (2,m))
so that we get:
é;/rl (z) = Pr (’Tt =C | 141 = 7") J O [Gtc (i (z, 7)) |, C, T/]
+Pr(re=1|m41=1") Byl e [G{ (@ (z,7r)) | 7, I,T']

On the other hand, the expectation E., ., -, [G] (i (z,7)) |7, 7'] must be computed bearing in mind

that r induces a discontinuous distribution over Gtc (@t (z,7¢)), with point mass at y. Thus, we split it
into the two events separated by the point of discontinuity:

Eryiryren [GF (i (@,70) | 7,C, '] = Pr(re > 7 (2,9) | 1,6 7) Epyjry oy [GF (270 1t > 7 (2,9), O, 7]
+Pr (re <7 (2,9) | 1,0, 7) By, iy [GF (7)) |70 <7 (2,9),C 7|

where E, [GE (i (z,7¢)) | e > 7 (z,y),C, '] =0, so that:

Tl TE, Te 41

oo - , 7(z,y) -
E”’t“"t,TtJrl [Gt (,LL(Z,T’t)) | Tt,C,T] = /0 Gt (:u‘ (mvTi))dFH

Similarly,

7 (,y) o
[ el ar,

ETt,\‘Ftﬂ't-H [G{ (B (zyre)) [ e, 1, 7'/] )

Plugging into the equation for @fﬂ (z), we get:

_ 0(1 =X+ X 7(z,y) _ 20 (1 — 7(z,y) _
Gl (@) = U220 [T 6E ey + 20 [T Gl eryar, (@)
An analogous equation is obtained for G 11 (@)
- 20 (1= 9) /W - (1-6) (1-29) /“I’y) -
G =—" G dF —_— G dF 26
@)= 12572 [ 68 e ary + S22 [T Gl i@y arn (26

B Proof of Lemma 3

To lighten notation we supress the reference to y as an argument of 7' and the distributions.
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We start by establishing that the operator T' defined by Equation (?7?) is a contraction mapping in the

set of pairs of continuous, normalized'® functions (G ,51) endowed with the following metric:

(7). (")) = moxfon (6.5 (")),

p (éT,élT) = sup )57— (z) — aT (x)‘
zE[ANP,1—A+)A¢]
for 7 € {C,I}. The supremum is taken over € [A¢p,1 — X + A¢] since the supports of G and G are
always contained in this interval.

where:

Recall that the operator T" transforms the pair (é?,ég) into a pair (6f+1,é£+1> according to:

—C 1—XA+ X A -

( Gl (@) ): AAL2d), e, ( Fir (7 (2,9)) )
rai A(1— 1-A
Gip1 (@) 1(T-:>7377 —%ﬂ

+< (L=A+2g) Ael=0em > ( 7 GE () dFn ) o

Ao (1 xg) ST G (i (2, 7)) dFY

)
1-6+n

and where y € [0, 1] is treated as a constant.

First notice that there are no firms with reputation either below y or above 1 — X\ + \¢ after entry-exit
decisions are made; therefore, we have:

Gi(w) = Gy (w=0ifp<yand

Gi(w) = Gy (w=1ifp>1-X+xp

for any distribution of reputations. Moreover, the definitions of 7 (z, 1) and fi (z,r) imply that:

1. i(z,7(z,y)) = y. This is to say, the previous reputation of a firm who obtained a signal 7 (z,y)
that changed its reputation from y to x was y;

2. fi(z,7) <y < r>7(x,y): Those firms who have a reputation = today and had a reputation lower
than y the previous period are those who obtained signals of at least 7 (z,y); and

3. g(z,r) >1—-A+Xp o r <7(x,1 —A+ A¢p) : Those firms who had a higher reputation than
1 — A 4 \¢ the previous period and have a reputation x today are those whose signals were lower
than 7 (z,1 — X+ Ag).

Hence,
Gl (i(z,r)) = Gy (i(z,r)) =0 ifr>7(z,y) and
Gl (i(z,m)) = Gy (i(z,r))=1 ifr <7(z,1— A+ Ap).
Therefore, the distance between éto 41 and 5231:
=C  =IC —C —/C
Poo <Gt+17Gt+1) = Ssup ‘Gt+1 (x) — Gyl (m))
can be rewritten as:
—C  —C F(z,y) o o
poe (G001, T) =sup 1= 2+ 00) [ (@ (@ Gr) ~ G (i) dFn
T 7z, 1=A+Xo)
1-06+m)

/ o (GL (@) = G (i (wm0)) ) dFy

+Ao
0—n (@, 1= A+ Ad)

Using the properties of the sup and |-| operators, we obtain:

—C  —=C
Poo (Gt+17G;+l) < (1= A+ Ag)sup

x

@) —C —1C
Lo, (B @) =T ) ar
z,1—

T

1-60+n
— su

A

7(z,y) _ .
o [ (@ () ~ G @) P
Fz,1—A+Ae)

10The function G is normalized if G~ (A¢) = 0 and G' (1 — A+ Ap) = 1.
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Moving the absolute value inside the integrals:

(@.y) —C —1C
G (i w,r)) = G (i (w,m0)| dF

—C =/C
Poo (Gt+1’ G;+1> <S(A=XA+2X9) Sup/
(2, 1= A+ Ad)
1—0+n 7(z,y)
e T sup/
0—n = Ji@,1-r+r0)
By the definition of pso (G7, H{ ), we also know that:

+ ¢ |G (i (@,m0) = G (i (w,70))| P

7(z,y)
—C  —=1C —C —=IC
Poo (Gt+1,G;+1> < (17)\+)\¢>)sup/ Poo (Gt ,GQ )dFH
@ Ji(z,1-A+A)
1—9 "7 (z,y) S
ISR Sk ekl / oo (G T dFy,
0—n = Ji@1-r+r¢)

Taking the distances outside the integrals, we get:

o — 7(z,y)
= (1= A+ 20 poo (Gf, GQC) Sup/ dFy
© Sz, 1= A+2p)

1—0 I 7(z,y)
+ )@ﬂpm (Gi7 G;I) sup/ dFry,
0—n @ JF(z,1-A+A0)
But [7(*¥) dF = F (7 (z,y)) — F (7 (z,1 = A+ A$)) < 1 for all z € [A¢, 1 — A+ A¢]. Let us define

7(z,1=A+A¢)
3 as follows:

ﬁmaX{ sup (Fu (7 (z,y)) — Fu (F(z,1 = X+ X)),
2€[Ap,1-A+2¢]

sup (Fr (7 (z,y)) — FL (f(x,lz\+)\¢)))}.
€[NP, 1—A+)A¢]
Observe that 8 € (0,1). Then:

poe (Giin G ) S BL=A+20) poe (G1. G
Bt (G

—C —=I —1C =1
< o ((60.7). (07
This is so because the sum of the coefficients is smaller than 1. Following a similar procedure, it can be

shown that the distance between @f +1 and é,’fH satisfies:
—I —11 —C =I —/C H1
Poo (Gt+17Gt+1) S BP ((Gt 7Gt) ) (Gt 7Gt )) .
We thus conclude that:
—C  =/C —I —1 —C =1 —1C =11
p ((Gt+1th+l) ) (Gt+17Gt+1)) < Bp ((Gt 7Gt) ) (Gt Gy )) )
i.e., T is a contraction mapping.

On the other hand, the set of continuous, bounded real functions endowed with the sup norm is complete.
Moreover, the subset of normalized functions is closed,!! thereby complete. Hence, by Banach’s Fixed
Point Theorem T has a unique fixed point, which is a pair of continuous and normalized functions. [

Remark 3. If we had used \¢ instead of y as the lower bound of reputations in the proof, we would have
obtained a higher modulus S—but we would still be able to prove that T is a contraction mapping—.

Remark 4. y not only affects the modulus of the contraction, but also the limiting distribution.

Remark 5. If y is consistent, e (z) and 3 (x) are increasing functions because G¢ (x) and G’ (z)

. . . . - . . . —=C —I
are non-negative in the whole domain, while 7 (z,y) is increasing in . Thus, G~ and G are not only
normalized and continuous, but also increasing—i.e., distribution functions.

Thus, the proof of the existence of a steady-state distribution of reputations is not affected by the
endogenous entry-exit process as long as y is fixed, but the shape of the steady-state distribution is.

The absolute continuity of Fy an F, implies that éc and él are absolutely continuous, with common
support [A¢,1 — X + Ag).

1 See Lemma 1 in Vial, 2010 for a proof.
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C Proof of Proposition 1

Define the function o () = ¢ (i, 1), with p > A¢, as:
—C
_ (=G (z,y)+n
= —C =TI :
O=mG (z,y)+(1-0+n)G (z,y)

with z = y = p, i.e., Equation (17) evaluated at the diagonal. We need to prove that o (1) has a unique
fixed point. We begin by observing that:

Y (2, y)

Lemma 5. o has at least one fixed point.

Proof. The function f (z) = Ied (z,x) is continuous, with f (A¢) = 0 and f (1 — X+ Ap) = 1. Hence,
by the intermediate value theorem there is at least one £ € (Ap,1 — XA + A\¢p) such that f (&) = ﬁ,
and so o (§) = 1. We also know that o is continuous in its domain, and that ¢ (§) —{ =1—& > 0 and
c(1=A4+Xp) — (1= A+ Xp) =60 — (1 — A+ A¢p) <0 (this follows from the assumption that A < 1 —6).
By the intermediate value theorem, then, there is at least one p € (§,1 — A + A¢) such that o (u) —p = 0.
Hence, there is at least one pg € (A, 1 — A+ A¢) such that ¢ (ug, pg) = pE- O

The next step is to establish uniqueness.

Lemma 6. o' (ug) =0 if pp is a fized point. Hence, the fized point is unique.

Proof. Indeed,
o 0
o' (pp)dps = CLp idy
ox oy

evaluated at t =y = pg and dz = dy = dug.

The first term corresponds to:

o o (=0T @y +A=0+n @) ( 0 —n)3° (=)

Ox O -G (@) + (1 —0+m)GC (z,y)) \O=m7F" (@,y) + (1 —0+n)7" (z,y)
ag% (z,y)
ag®(z,y)+(1-a)gl (z,y)
those firms with reputation z is exactly . Moreover, at a fixed point v (z,y) = x. Hence, g—f =0 at
z =y = pg. In words, the entrants’ reputation v (z,y) increases when the exit reputation level increases
if and only if the firms that leave and reenter after this change have a higher reputation than those that
are already replacing their names. At the fixed point, however, those firms have exactly the same mean

reputation, so moving the cutuff point will have no effect on the entrants’ reputation.

- (w,y))

However, consitency requires that = x, namely, the fraction of competent among

In turn, the second term corresponds to

oy Y = aGcC oy (@y) + oa’ oy (z,9),
: i oG’
= %D <a(1—¢(x,y)) oy (w,y)—(l—a)w(ac,y)ay(x,y)> (28)

and ¢ (z,y) =z if t =y = pg is a fixed point.

After a change of variables, the operator 7' in Equation 16 can be rewritten as:

—C 11—+ A .
T Gy (I y) =1 ( 0—n ¢) 79:75.,] Fy (T (x» y))
ol ’ A(1=¢) _(1=2¢) Fr, (7 (z,9))
t 1—6+n 1-6+n

( (1-A+2g) 200=0+n) > ( JEEOGE () for (7 (e, ) 20 dy )

A(1—¢)(0— fi(x,0) ~I - o7 (x,
o= (1 Ap) JEEOGE () fr ( (2, )) 225 dpy

(7)) @

29



—C
For a given y, the (unique pair of) steady-state distriutions G and G’ satisfy < %I > (z,y) =

—C
T < %I ) (z,y). In particular, let us consider as the initial steady-state distributions those obtained

. . . . Val —I . .
for y = ug (i.e., for a consistent entry-level reputation). Changing y affect GC and G in two ways: (i)
as y affects the operator itself, it also affects its fixed point (direct effect); and (ii) as the distributions
also affect the operator, they also affect its fixed point (indirect effect):

rend f’aTic‘i
B%JI (I,y) = 87?1 G (I,y)
"oy 9y g
fu(;c ,0) 68y (1, y) fu (7 (2, 1)) 8r(z,u)d + fu(:v ,0) 8 ay (M: y) f1 (7 (z, ) %ﬁ#)du
+ fu z,0) G (u ~ Br(x,u)d A(z,0) 9GL ~ or(z.1) 4
y %y (y) fu (7 (2, 1)) et fy Sy () fr (7 (2, 1) =55 dp
(30)

The direct effect is obtained from direct computation of the derivatives on Equation 29 (when evaluated
at the steady-state distributions obtained for y = pg):

T - 0(1—A+Ao Ap(1—6 -
Bl ) o - T < it ol ) (GrlputuElem )
aa% el ay 1—6+n 1—60+n G (yay) fL (T ('rvy))

Equation 30 defines an integral equations system for Bgyc and %. However, instead or looking for
a solution of this integral equations system, we can iterate the operator T to show that 28 equals zero
when evaluated at a fixed point: since the steady-state distributions are the fixed point of a contraction
mapping in a complete metric space, they can be obtained as the limit of the sequence defined by

repeatedly iterating T starting from any feasible pair éoc and éé.

Let denote the ¢-th iteration of T" as étc and ét], and define 9 (z,y) as % If we start iterating
T from the initial steady-state distributions (obtained with y = ug), then y = o (y,y) = Bgo(i;yély))
o\y,

Notice that iterating T with the same y gives a constant sequence, since G’O and G’ are already fixed
points of T" for y = pp. But after iterating 7" with a different level of y we obtaln G1 # GO, moreover,

for an infinitesimally small change in y, the difference between them is exactly 2 dy Hence, we can
define Gl as:

_ — oT™

G (2.y) =Gy (m.y) + 5—|_ (wy)dy

Y Gy
. . . C I . . _ QG(? (y,y) i,
When evaluating Equation 31 in Gy y G, and taking into account that y = o) we obtain:
o\y,

T’

5 |z, s) = Co ey T (75 (0 =MD S () 426 (1 =9) f1 (&)
or! =W T T ey A=) ufr (F (@, w) + (1= A6) (1 - 9) f1 ( (2,9)))

oy
(32)

Go

Moreover, from Equations 8 and 12we obtain:

(L =X+2) yfu (7 (z,y) + (M) (1 —v) fr (F(2,y)) = 2 (yfm (7 (z,9) + (1 —y) fL (7 (z,9))  (33)

Hence, the direct effect can be rewritten as:

o< ~ @
i le, (x,y):Go(y,y)m(;’w(ny(f(x,y))Jr(ly)fL(f(w,y)))( ] )
oy %o Y 1—0+n

and the pair (@10,@{) can be defined as:
—C —C T
G G — -
—11 (CL’, y,) = 7(} (CL’, y) + GO (y7 y) vo (I, yl) ?—g (34)
Gy Go 1—=6+n
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with vg (z,v') = 6r(m v) (yfu (7 (x,9)) + (1 —y) fr (7 (x,v))) dy, while 91 can be obtained as:

7c —
o (a,y) = (0 =) Gy (z,y) +2Go (y,y) vo (x,y) + 7
7 Go (z,y) + Go (y,y) vo (z,y)
After evaluating at * = y and rearranging, we obtain:
Yo (v, y) (L+vo (z,y)dy) _
Y1 (v,9') = R E— =0 (¥,9)

Repeatedly iterating the operator T' we obtain a sequence of distributions defined as:

éC aC’ o z
< — ) (2,9) =< i > (z,9") +Go (y,y) ve—1 (z,y) ( -7 > (35)
G thl 1-60+n
where vt (z,9') = — [5©0 vy (uy) (ufu (7 (2, 1) + (1= p) fr (7 (2, 1)) 2520y for all ¢ > 0.
Hence, we conclude that ¥ (y,vy’) = o (y,y) for all ¢ > 0, and hence g—f (y,y) = 0 when y = pug. O

Finally, we conclude that ugp < 6:

Lemma 7. The consistent entry-level reputation is lower than the fraction of competents among active
firms after the exit-entry process takes place: ug < 0.

Proof. Notice that ¢ (ug,ng) = pg and ¢ (1 — X+ Ap, ug) = 6. Moreover,

ai(x pp) = ((G—W)gc (z,pp) + (1 —0+n)g! (z,uE)>
0w 7 é(xvﬂE)

is strictly positive in the interval (ug,1 — X + A¢). Hence, pg < 6. O

(J,‘ - ¢(I,ME)),

D Proof of Theorem 2

Lemma 8. For allz € (A, 1 — X+ A\@), ead (z,pg) < a’ (z,uE).

~ imoli -G (up.up) o g___ 1 _ (-G (up.1p)
Proof. Notice first that up < 6 implies that T PTES) <0 TP < 6—n. But TP <

9 —n if and only it G (up, ugp) < G (up,1p)-

Consistency also requires that for all x € (A¢,1 — A+ A¢), W = z. Hence, g€ (z,ug) =

—C
7259 (@, up) and §' (¢, up) = 11549 (2, pp). Therefore, G (@,up) — G (z,pp) > 0 at @ = pp, and
this difference attains its maximum at z = 60 — n:

0 (" (@.15) — G (@, 1))

0—n—x
1 _ _ n _
e g (@pp) =g (v uE) ((9777)(179+n))g(x””3)
a(a! x, 760 T, — —
Notice that ( ( ME)EM ( NE)) < 0 for all x > 6 — n, and since a’ (z, 1uE) — rexd (z,pE) = 0 at
z =1— XA+ A\¢, we conclude that G’ (z,pE) > a“ (z,pug) for all z € (Ap,1 — X+ Ap). O

Lemma 9. For all x € (up,1 — X+ \p), G (z,up) < G (z, ug).

c I ince 6% (Ep.np) . :
Proof. As pg < 0, we know that G (ug,pg) < G* (ug, uE), since m < 0 if and only if
G (up,pp) < G' (up, pE)-

09 (z.np) _ I
TP’ESE = z. Hence, G' (z,ug) —

G (z,up) > 0 at © = pp, and this difference attains its highest value at « = 6:
9 (G! (z,up) — GY (z,1p)) 0—

oz 0(1 49)

Notice that (e’ (Z’HE) G @) < 0 for all z > 0, and since G! (z,up) — G¢ (z,pg) = 0 at x =

1— X+ Ao, we conclude that Gl (z,up) > G (z,up) for all € (up,1 — X + Ae). O

Consistency also requires that for all z € (ug,1— X+ A\g),

=g" (z,uE) — ¢ (x,pE) = ———g (x,up)
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E Proof of Theorem 3

Consider the function o () = v (i, ), with g > A¢ as defined in Appendix C; i.e., Equation 17 evaluated
at the diagonal, with:

—C
(0—mG (z,y)+n
—C =T :

@—nG (z,y)+(1-0+n)G (z,y)
We know that pp = o (ug). Totally differentiating this expression, we get:

—C T
(0 —n)(A—-4)0G" (ke pE) ;, ¥ —-0+n) G (kE, 1E)

G(pe,pE) ox G (pE,pE) oA

¥ (z,y) =

dup = d\+ o' (up)dup

and therefore:
(6-m)(1-v) 9G° _ w(1-0+n) oG

d
HE _ G O G OX (36)
dX 1—0o' (ug)
The factor 1—0/1(ME) emphasizes that as A has a direct effect on éc and él, it must affect the entry-level

reputation, which in turn affects the reputation distributions G€ and G! and hence 1. But as we proved
before, o’ (ug) = 0 and therefore the indirect effect vanishes. Hence, we must restrict attention to the
direct effect.

=C —T
As in Appendix C, aa% and 86% are the solution of an integral-equation system defined as:

Flend LBTAC ‘7
< 8%\1 ) ("E7 y) = or! G ("E, y)
oA ox g

+( 70 PG o) Fir 7 ) 2t [0 B () 1, G (oo ))Wéﬁ;”)du)

[ 6 (4 4) (7 (0,0) P 4 70 58 ) 1, ) Gt d
(37)

We know that:

e ¢ = L;" (by definition);

o7(z,y) _ R 1—X e OT(zy) _ _ 6 67(z y)
® Tz T R (@) (I-Afrg—z)’ while =3 T o,
Op(z,r) _ (1=R(r))ia(z,r)—1 He O0(z,m) 0 au(z )
* T T (GO 3 R(—(a=xa)) While =53 SESwy

. gtC-H y §{+1 can be obtained by taking the derivative of ét+1 y ét-«—l with respect to z:

o - TG ) 11 () )

_ 7(x,y) y _ 7(x, )
+M/O ! g?m(x,r),y) 8“("’””")dFH+“ ) A‘25/ "ot @) ) P ar,

—c
9it+1 (w,y) =

6—n ox
and
or (z, OX(1— . —0 - A -
s o) = 2D (RO () i w) + L5 282206 () 1 5 0
IN1—g) [F@v) Opi (,7) (1=0)(1=A¢) [=v) | Ofi ()
*m/ g (A (z,r),y) =5 —dFu+ 617 /O g¢ (i (,7),y) = —dF

Hence, the direct effect of a change in A can be written as:

or® . i p(2uz2tr0))
s aw) Mew) v ™)
or(@ J@n == ([T ¢ @@ - [T 60 @) ary o)

O

S () .
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0(1—A+2o
8( : 0—n )) —
where 3y =

OA(1—9)
_00-6) 4 f’( 159+n ) _ 0(1-6)

o—n X 057" But we also know that steady-state distri-

butions satisfy:

—I —C 61 -6)(1-)N) rey) UG
G (z,y)—-G (m7y)(9_77)(1_0‘~‘77)</() G (M(m,r),y)dFL—/o G* (@ (z,7),y)dFu

_c
and that consistency requires that % = x. Thus, the direct effect can be rewritten as:

1% L . L
( ;T*I G)(z,y):(e”)(lw<cf(;p,y)GC(w,y))< o= )Mg(%y)( 7-n >

ot 1-A =67 I-A T—0+n
(39)

G

Also as in Appendix C we repeatedly iterate the operator T to find the sign of 36 starting from ég y éé
—the steady-state distributions obtained with y = pg and the initial value of .

6G¢ (a,y)
Gt(z,y)

. After iterating T with a different level of A we obtain 6‘{ #* 66; moreover, for an infinitesimally

Let denote the t-th iteration of T as @tc and é{, and define ¢ (z,y) as

9§§ (y,9)
Go(y,v) - _
small change in A, the difference between them is exactly aa%d)\. Hence, we can define GI as:

. Then y = 4o (y,y) =

oT™
oA

G (z,y) =G (z,y) +

(z,y) dX
Go
It follows that:

élc _ ég) Gi Gf”r]
1 |@y=| 1 |@ytalzy | 7 + Bo (z,y) 1-2
G Go =6+ 017

where ag (z,y) = w (é{) (z,y) — 6(? (x,y)) dX\ > 0 and Bo (z,y) = —Gzzzxﬁo (z,y)dX < 0.

When we evaluate this expression in the new value of A we obtain:
G (z,y) = Go(z,y) + bo (z,y)
and hence:

0 -GS (1,9) + a0 (4, 9) + yBo (v, y) + 7
él (y» y)

Y1 (y7 y) =

(0—m)G§ (y.u)+n

Go(v,9) = o (y,y) = y. Rearranging, we obtain:

where

«@Q (x,y)
él (xvy)

Iterating the operator T' (considering the new value of \) we obtain:

G¢ G¢ = 77
( = ) (z,y) = < Zit > (z,9) + w1 (2,y) < o ) + Bt-1 (z,y) < -2 )
Gt Gt—l 1—0+n 1—6+n

ét (I,y) = ét—l (37, y) + Bt—l (CU,y)

1 (y,9) = Yo (v, ) +

with:
where
fi(x,0) .
ace) == [ a1 () (1= A+ 20 =) fn (7 (00) + (= 30) fr (- 2,0)) %ﬁ’”du >0
Yy
and

A(z,0) : 3 - - OF (z, )
Bt (z,y) = / (ae—1 (,y) (fr (F (1) — fu (F(x, 1)) = Be—1 (1, y) (ufm (F (2, 1) + (1 — ) fr (7 (z, 1)) Tdu
Y

for all t > 0. Thus, we conclude that for all the elements of the sequence, 9¢ (y,y) can be written as:

_ i1 0 y) G (,9) a1 (1,9) +yBi1 (v y)
v y) Gi1(y:y) + Bi1 (v,v)
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Moreover:

e ac t—1 1 t—1 e
( — )(w,y)( - >(vay)+20¢j(x7y)< o >+Z/3j(x,y)< =z )
Gt GO j=0 1—-6+n =0 1—6+n

t—1

ét ((E, ’,_l/) = éo (xny) + Z :Bj (‘Tv y)

§=0

with:

Since ¥o (y,y) = y, we finally obtain:
Sizos (,y)
Gt (y,y)

and hence we conclude that for all ¢ > 0, ¥+ (y,y) > %o (y,y), and therefore dj—/\E > 0.

¥e (y,y) =vo (y, ) + > o (¥, y)

F  Proof of Lemma 4

Observe that Pr (exit at ¢t + 1|u¢, 7¢) = Fr, (7 (g, 1t)). The first-order stochastic dominance assumption
implies directly that Pr (exit at t+1|u¢, C) = Fu (7 (g, pt)) < Fr (7 (kg, pe)) = Pr(exit at ¢ + 1|pe, I).
On the other hand, we have:

OPr(exit at t + 1|pe, 7¢) For (7 (i, 10)) or (uE, 1)
- Tt b - a5

<0
ot Ot

since 87:(57/}1‘“) < 0. Also, we have that Pr (exit at ¢t + 1|u¢) = pe Fr (F (pg, pe))+(1 — pe) Fr (7 (pE, p1t))-
As a consequence,

OPr (exit at t + 1|ue) — (Fy — Fu) + (uefrr + (1 — o) £1) or (uE, 1ut)

<0
Ot Ot

Regarding signals, we have that Pr (exit at ¢t + 1|r¢, 7¢) = G (& (pg, rt)). Hence,

OPr (exit at t 4 1|ry,7v)  OG™ O (up,Tt) <

0
872 8[1 87‘t

since %T’:’t) < 0. Also, the unconditional (on type) probability of exit is given by: Pr (exit at t+1|r¢) =
(0 =X(0 =) G (A(up,re)) + (1 =0 = X0~ ¢)) G (i(up,r1))), so that:

OPr (exit at t+1|r¢) _ ((97)\(07@) 0Gc S (1—0-A(0—9) BGI) Ofi (z,7t) <

0
ory on of ory

G Proof of Theorem 5

Using Equations 23 and 21 we can write the difference éac_,_l (z) — é(IL_H (z) as:

c, I a,ug) H(z,nE)
—C —I m;,m - ~
Gop1 (@) = Goyr (@) = (1-X) =52—— ( / GS (i (z,r)) dFyr — / Gl (i (m,r)>dFL>
My 1My 0 0

However, foﬂx’“E) GS (p(z,7))dFg < fg(x’”E) GS (it (z,7))dFy for all z € (Ap,1 — A+ \¢p) because
GS (i (z,7)) is decreasing in r and Fg (r) < Fy, (r) for all » € (0,1). Hence:

CmI F(z,nE)
—C —I mg mg, _ _
Gl @) ~Gon @ < (=N =g [T (6E (@) - G ar) dF
ma+1ma+1 0

Hence, if GS (i (z,7)) < GL (i (x,7)), then ég’:rl (z) < §¢Iz+1 (z) for all z € (Ap, 1 — A+ Ao).

When a = 0, GS (i (x,7)) — GL (i (x,r)) = 0, so that éf (z) < é{ (z) for all z € (Ap,1 — A+ A¢). On
the other hand, within the population of incumbents of age at least 1 (a > 0), if the prior reputation
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conditional on an event A first-order stochastically dominates the prior reputation conditional on an
event B, then the posteriors are also ordered by first-order stochastic dominance in the same way:

Pr (g < z|A) <Pr(pg<z|B)=Pr(u<z|lA) <Pr(u<z|B) (40)

To see this, simply observe that Pr(ﬁfi'ﬁgzﬁgﬁ;mm < Pr(ﬁfiggiﬁg;‘;ElB)

P B)(1-Pr(@x A))+Pr(@ A)—Pr(@ B . — —
r(p<z|B)( r(#<ff}|)r()ﬁ)<urE(luB<>ME\ )=Pr(E<upl ); since 0 < Pr(f < pup|d) < Pr(@ < pugp|B) < 1,

P B)(1—Pr(z A))+Pr(E A)—Pr(@ B
o r(u<fffl>r(>ﬁ>zu;(f§3<>“ﬂ )=Pr(E<up|B) < py (1 < z|B), so that Pr (u < z|A) < Pr(p < z|B).

— Pr(p<z|A) <

In particular,

Gy (2) < Ty (@) = G9py (1) < Gl (). (41)

Hence, the prior reputation of a competent of any cohort first-order stochastically dominate that of the
inept of the same cohort.

H Proof of Theorem 6

Let pq denote the interim reputation of a firm of age a. Consistency requires that F [uq] = the

m(l
o} T
mg +mg

fraction of competents in cohort a. Using this and collecting terms, we can re-write Equation 23 as:

Go (@) :(ng 1—75) Joere) GE (i (x, 7)) dF g
Gl (@) Yo 1-n4 Jrere) QL (i (2, 7)) dFy,

where
o (1= XA+ Ao)
Yo = 1—Blual
(1= A+ Ag) + A1 5T
S = A1-9)
‘ A(L = ¢) + (1 — Ag) 15rlkal

Elpal

The age—a + 1 population-wide distribution can thus be written as:
(T, nE)

_ (z,np)
Gat1 (@) = F [jua] /0 GO (i (2,1) dF + (1 E [a)) /0 G (i (7)) dF,.

From the proof of Theorem 5 (Equation 40) we know that:

é;-H (z) < 5; () = Goqq (2) < GG (2)

and

Ga+1(z) < Ga (2) = Gay1 (z) < Ga (2)
We first prove that:

Lemma 10.

(GZ_H (@) <G (2) and Gag1 (z) < Gq (x)) = (@Z+2 (z) < é;_l (z) and Gay2 () < Gat1 (ac))

Proof. By hypothesis, Gac+1 (it (z,7)) < GS (i (z,7)) and G£+1 (i (z,7)) < GL (@i (z,7)). Hence, 6;_2 (z) <
Ve Jo@rE) QS (f(x,r) dFy + (1—74) Jg @) GL (A (x,r))dFy, . Theright hand side can be

written as: GZ-H (z) + ('75-9-1 -7a) (fg(m’”E) GS (a(z,r)) dFy — fOT_'(I;HE) GL (i (z,7)) dFL>. Hence,

(’y;rl —~Z) > 0 is a sufficient condition for §Z+2 (z) < 62+1 (z). Indeed, by hypothesis, Gq4+1 () <

Gq (z), which implies that E [pat1] > E [pa], and hence (v7; —~7) > 0 for both types.

The proof for the unconditional case is analogous. |
We complete the induction argument by showing that:
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Lemma 11. G7 (z) < Gf (z) and G1 (z) < Go (z)

Proof. Follows immediatly from the fact that in a = 0 both distributions are degenerate at pg, while in
a = 1 both distributions are non-degenerate, with support starting at pg.

Finally, the initial prior distributions are also ordered in the same fashion:

Lemma 12. G, (z) < G; (z) and G2 (z) < G1 (z)

Proof. The proof follows a similar argument than that of Lemma 10 above. O
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