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a  b  s  t  r  a  c  t

In  this  article  we present  a new  approach,  relying  on  mixed-integer  linear  programming  (MILP)  formu-
lations,  for  the  design  of multi-product  batch  plants  with continuous  sizes  for  processing  units  and  host
selection.  The  main  advantage  of  the  proposed  approach  is its scalability,  that  allows  us to  solve,  within
reasonable  precision  requirements,  realistic  instances.  Furthermore,  we  show  that  many  other  alterna-
tives  are  either  numerically  unstable  (for  the  problem  sizes  that  we are  interested  in),  unable  to solve
eywords:
ulti-product batch plant
INLP
ILP

roduction path

large  instances,  or much  slower  than  the  proposed  method.  We  present  extensive  computational  experi-
ments, which  show  that  we are  able  to  solve  almost  all tested  instances,  and,  in  average,  we  are  ten  times
faster  than  alternative  approaches.  As we  use  a high  level  implementation  language  (AMPL)  we should
get  further  time  improvements  if lower  level  implementations  are  used  (C, C++).

Reproducibility  of  our results  can  be  tested  using  our models  and  data  available  on-line  at  BPLIB.1
. Introduction

Conventional multi-product batch process literature using an
ptimization-based approach model the design and synthesis of
uch plants with Mixed-Integer Non-Linear Programming (MINLP)
ormulations (Floudas, 1995). The usual objective is to minimize
he investment cost subject to the fulfillment of the production
argets of a given set of products. Major drawbacks are given by the
ombinatorial nature of mixed-integer programming and possible
onconvexities due to non-linearities. In computational optimiza-
ion numerical issues of these formulations given by rounding
rrors, numerical instabilities and approximation errors are well-
ocumented (Goldberg, 1991; Koch, 2004; Margot, 2009; Vielma,
013).

Since Robinson and Loonkar (1972) different procedures have
een proposed to tackle these problems (Reklaitis, 1990; Rippin,

993; Barbosa-Póvoa, 2007; Verderame et al., 2010; Nikolopoulou
nd Ierapetritou, 2012) but a method that is more efficient for

 particular example is hardly predictable (Ponsich et al., 2007)
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and nowadays the development of effective solution approaches
and algorithms remains very necessary (Grossmann and Guillén-
Gosálbez, 2010).

The logarithmic change of variables proposed by Kocis and
Grossmann (1988) linearizes most of the functions and leads to
a convex MINLP problem, approach used by Ravemark and Rippin
(1998) and Montagna et al. (2000) among others. Another approach
chosen by Pinto et al. (2001) and Ponsich et al. (2007) among others
is the use of specially designed solvers which can usually find good
feasible solutions by the use of heuristic procedures (Grossmann
et al., 2000). In practice the best off the shelf solvers for this kind of
problems are the open source codes BONMIN and SCIP and the com-
mercial solvers BARON and DICOPT that stand out in Mittelmann’s
benchmarks for optimization software (Mittelmann, 2013). Never-
theless none of them guarantee convergence to a global optimum,
converging in some instances to local optima or not converging
altogether. For the particular case of BARON and DICOPT perfor-
mance failures are reported for non-convex models (Ponsich et al.,
2007; Rebennack et al., 2011; Li et al., 2012); nevertheless even
in cases where theoretically the algorithms work, we  found that
in practice, they do not converge to the global optimum. We  have

run precise experiments that demonstrate these failures in convex
MINLP formulations (see Section 2).

It is a fact that there is a huge gap between Mixed-Integer Linear
Programming (MILP or MIP) and MINLP solvers technology (Nowak,
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Nomenclature

Indices
h host
i product
j stage
m number of duplicated units
UP,LO upper and lower bounds

Sets
E1 set of batch stages, ⊂ E
E2 set of semi-continuous stages, ⊂ E
E3 set of chromatographic stages, ⊂ E
E set of all stages
H set of hosts
I set of products
M set of available units operating in parallel in-phase

or out-of-phase
R set of routes: stages j needed to process the product

i synthesized by host h
U set of available hosts h for product i synthesis

Parameters
ı time horizon
cn

j
, �n

j
cost coefficients related to Yn

j
with n ∈ {1, 2, 3}

di production target for product i
Sn

ij
, Sn

ij
size factor for product i in stage j related to Yn

j
. sn

ij
=

ln(Sn
ij
)n ∈ {1, 2, 3}

T0
ij

, T0
ij

time factor for product i in the batch or chromato-

graphic stage j. t0
ij

= ln(T0
ij

)

T1
ij

, t1
ij

time factor for product i in the semi-continuous or

chromatographic stage j. t1
ij

= ln(T1
ij

)

Variables
v slack variable
Xn

j
, Xn

j
number of units operating in parallel in-phase (X1

j
)

and out-of-phase (X2
j

) in stage j. xn
j

= ln(Xn
j

)

Y1
j

, y1
j

volumetric capacity for batch units and retentate or
feed tank for semi-continuous or chromatographic
stages. y1

j
= ln(Y1

j
)

Y2
j

, Y2
j

volumetric capacity for permeate of product tanks
for semi-continuous or chromatographic stages.
y2

j
= ln(Y2

j
)

Y3
j

, Y3
j

capacity of semi-continuous items. y3
j

= ln(Y3
j

)

Y4
i

, Y4
i

batch size for final product i. y4
i

= ln(Y4
i

)
Y5

i
, Y5

i
cycle time for product i. y5

i
= ln(Y5

i
)

z1
ih

binary variable: 1 if protein i is synthesized by host
h; 0 otherwise

z2
j

binary variable: 1 if stage j is used to process at least
one of the products

z3
jm

binary variable: 1 if m units are operating in parallel
in-phase in stage j; 0 otherwise

z4
jm

binary variable: 1 if m units are operating in parallel

2
a
v
a
M

with non-linear convex inequalities a priori we  constructed linear
outer (or inner) approximations of them which allow us to compute
(a posteriori) true feasible solutions and lower (or upper) bounds.
out-of-phase in stage j; 0 otherwise

005). Nowadays mixed-integer linear techniques are fast, robust
nd able to provide solutions to problems with up to millions of

ariables (Geißler et al., 2012). Taking advantage of this Voudouris
nd Grossmann (1992) used reformulation schemes to develop
ILP models for the preliminary design of multi-product batch
ical Engineering 84 (2016) 1–11

plants, introducing binary variables for the selection of discrete
available equipment sizes. From this point, to the design deci-
sions other were included as synthesis, production planning and
scheduling (Voudouris and Grossmann, 1993); design and planning
in a multiperiod scenario (Moreno and Montagna, 2007); design
of multi-product batch plants considering duplication of units in
series (Moreno et al., 2009) and the design and planning of multi-
product batch plants using mixed-product campaigns (Corsano
et al., 2009). Most recently these MILP formulations have been
used to account for the design and scheduling of this type of plants
(Fumero et al., 2011, 2012a,b) and for the design under uncertainty
considering different types of decisions (Durand et al., 2012, 2014;
Moreno and Montagna, 2012; Moreno-Benito et al., 2014).

A key feature in these design problems is the use of Big-M
constraints to account for selection decisions despite being prob-
lematic (Bosch and Trick, 2005). Some authors that have included
this type of constraints in their formulations are Gupta and Karimi
(2003), Corsano et al. (2009), Moreno et al. (2009), Moreno and
Montagna (2012). Obviously, these authors have found that the
value of the Big-M parameters has a tremendous impact on the
solution time; see for example Moreno et al. (2007). In addition it
has been proven experimentally that other methods, as the convex
hull formulation presented by Montagna et al. (2004) are better to
account for selection decisions.

In this paper we develop a robust methodology to solve the
design problem of a biotechnological multi-product batch plant
in situations where equipment can be manufactured according
to customer needs, as fermentors or tanks in general. To do that,
we develop a MILP formulation which does not rely on the use
of Big-M constraints and does not use a discrete range of equip-
ment sizes. To do that we use four basic techniques (see Fig. 1):
First, an extension of the non-linear (but convex) formulation pro-
posed by Kocis and Grossmann (1988) is applied. Secondly, to deal
Fig. 1. Basic techniques used to model synthesis and design decisions considering
continuous equipment sizes and discrete host selection.
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Table 1
Comparison of the number of constraints and variables of some selected instances
solved using models that account for selection with Big-M constraints – models (C1)
and  (C2) – and a classic formulation for design decisions only, (P1). All instances
were solved using the DICOPT solver.

Variables Constraints Status of solution

Discrete Continuous Linear Non-linear

design of biotechnological multi-product batch plants as only
equipment sizing and duplication of units in parallel are considered.

The plant consists of a sequence of batch, semi-continuous and
chromatographic stages used to manufacture different products i;
G. Sandoval et al. / Computers and

hirdly, to deal with integer variables, we used advanced reformu-
ation techniques coming from the mixed-integer-programming
iterature (clique constraints). Finally, once the initial problem is
ransformed into a standard mixed-integer programming problem,
t is possible to take advantage of mature commercial MIP  solvers.

This approach, at least in our experiments, is more stable numer-
cally, scalable, and faster to solve than current alternatives and can
eal with the more general problem of jointly selecting equipment
izes and alternative production paths for multiple products. Using
ur approach, it is possible to quickly and accurately compute solu-
ions at any desired precision level. In our extensive computational
xperiments (see Fig. 11) we found that current non-linear solvers
nly solved 43% of the instances generated for this study, while our
pproach was able to solve over 95% of the studied instances in a
unning time that, on average, was more than ten times faster than
INLP solvers in equivalent and standard MINLP formulations. To
ake these comparisons we introduce the performance profiles; a
ethodology borrowed from the optimization literature.
The rest of this paper is organized as follows. In Section 2 typ-

cal drawbacks found by a commonly used MINLP solver and the
tandard MINLP formulation is presented. In Section 3 classic and
ovel formulations for the design problem are described. Relevant

nformation about the methodology used to benchmark different
ormulations and to avoid numerical instabilities is given in Section

 and computational results are presented and discussed in Section
. Finally, the conclusions are presented in Section 6.

. Current limitations

Our main objective is finding a robust and scalable methodol-
gy for the design of biotechnological multi-product batch plant
onsidering equipment sizing (design decisions) and selecting the
ownstream processing stages (synthesis decisions). Given the
omplexities that to date have been added to the original design
roblem we decided to go back to the problem studied by Iribarren
t al. (2004) where only design and synthesis decisions are mod-
led. In their paper they designed a biotechnological batch plant for
he production of four recombinant proteins, i, where each can be
ynthesized by two different hosts, h, having four microorganisms
n total. In addition to that three of the fifteen processing stages,
, may  be performed by two different unit operations, d. In their
ormulation they used constant size (Sijdh) and time (Tijdh) factors
o model each stage; considered duplication of units in parallel in-
hase, Gjd, and out-of-phase, Mjd, in order to diminish either the
quipment sizes Vj or cycle times TLi, respectively, and used Big-M
onstraints to account for the selection of hosts and equipment.

As a correctness test, we took the example presented in Iribarren
t al. (2004) and splitted into 16 different instances that only allow
quipment selection. Then we tested two different yet equivalent
ormulations based on their model but removing host selection2.

In the first (C1) the selection of hosts was eliminated by limiting
he set of available hosts, Hi, to just one per protein, and in the
econd (C2), by setting the values of the selection binary variables to

 for the selected hosts and 0 for those non-selected. If the solution
s being found by the solvers, we should observe two things:

(a) both model formulations (C1) and (C2) give the same solution,
and
b) the minimum of the separated instances is equivalent to the
global minimum of the problem with host selection.

2 To further isolate the results obtained from problems with non-standard local-
ettings, the GAMS modelling language was used and the experiments were run in
he  NEOS server (Gropp and Moré, 1997; Czyzyk et al., 1998; Dolan, 2001) available
n  http://www.neos-server.org.
(C1) 480 185 303 10 Incorrect
(C2) 512 323 682 18 Incorrect
(P1) 360 71 179 9 Correct

Contrary to what we expected differences in the objective function
value for both (C1) and (C2) formulations went from 1% to 78% in
the 16 instances studied (data not shown), and even more striking,
the solver finds a local minimum which is worse than those found
for most instances without host selection.

These numerical instabilities seem to be aggravated with size
since it is known that DICOPT works fine for small instances. Situa-
tion in accordance to the results obtained by Ponsich et al. (2007). In
order to show these differences in sizes we built Table 1 to compare
the number of constraints and variables involved in the smaller
instances of the cases (C1) and (C2), that were incorrectly solved
according to the aforementioned results, with the size of a smaller
instance that was  correctly solved by a classic formulation (P1)
that solves an equipment sizing problem similar to that presented
by Iribarren et al. (2004), but with no selection of hosts or equip-
ments, and using DICOPT solver. This last formulation is presented
en Section 3.1.1.

3. Problem formulation

Two  major contributions are presented in this section. First,
clique constraints are introduced to formulate the discrete part of
the model allowing the selection of the production path without
the use of Big-M constraints, in models (P2) and (P4). Second, a new
approach, in Section 3.2, to handle non-linearities using standard
reformulation techniques from the optimization field that permits
the use of linear solvers leading to more reliable results and faster
computing time. The relation among the four different models stud-
ied is shown in Fig. 2.

3.1. MINLP formulation

3.1.1. The equipment-sizing problem (P1)
In this section we present the most basic formulation for the
Fig. 2. Formulations compared in this article. Model (P1) is the most basic formu-
lation that only includes design decisions. Model (P2) includes the selection of the
downstream processes without the use of Big-M constraints. Models (P3) and (P4)
are the transformed models of (P1) and (P2), respectively, using our proposed inner
and  outer approximations.

http://www.neos-server.org
http://www.neos-server.org
http://www.neos-server.org
http://www.neos-server.org
http://www.neos-server.org
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here semi-continuous as well as chromatographic stages are com-
osed by the semi-continuous items plus feed and product tanks.
t each stage j there are X2

j
groups of units operating in parallel

ut-of-phase and each group is conformed by X1
j

units operating
n-phase. For semi-continuous or chromatographic stages feed and
roduct tanks can only be duplicated out-of-phase. Single produc-
ion campaigns are considered and batches are transferred from
ne stage to the next without delay (zero wait policy).

The objective is to minimize the investment costs of main equip-
ents of the plant (see Eq. (1)) given fixed production targets, di,

ver a time horizon ı.

in  cost =
∑
j∈E1

X1
j X2

j

(
c1

j Y1
j

�1
j

)
+

∑
j∈E2∪E3

[
X2

j

(
c1

j Y1
j

�1
j

)

+ X2
j

(
c2

j Y2
j

�2
j

)
+ X1

j X2
j

(
c3

j Y3
j

�3
j

)]
+ v�ı (1)

Variables Y ·
j

represent the different equipment sizes. Param-
ters c ·

j
and � ·

j
are cost coefficients distinctive for each kind of

quipment and v is a slack variable included to assure feasibility
Montagna et al., 2004).

Making the change of variables introduced by Kocis and
rossmann (1988) we get the new objective function (2).

in  cost =
∑
j∈E1

c1
j exp

(
x1

j + x2
j + y1

j �1
j

)

+
∑

j∈E2∪E3

[
c1

j exp
(

x2
j + y1

j �1
j

)
+ c2

j exp
(

x2
j + y2

j �2
j

)

+ c3
j exp

(
x1

j + x2
j + y3

j �3
j

)]
+ v�ı (2)

At each stage and for each product the size of the units must
llow the processing of the incoming batch which can be splitted
mong X1

j
units to not surpass the upper bound capacity of the

quipment. In batch stages this constraint can be written as Eq.
3a); convexified in Eq. (3b).

1
j ≥

S1
ij
Y4

i

X1
j

∀i ∈ I, j ∈ E1 (3a)

1
j + x1

j ≥ s1
ij + y4

i ∀i ∈ I, j ∈ E1 (3b)

As in semi-continuous or chromatographic stages duplication is
llowed just for semi-continuous items, feed and product tanks are
ized using constraints (4) and (5).

1
j ≥ s1

ij + y4
i ∀i ∈ I, j ∈ E2 ∪ E3 (4)

2
j ≥ s2

ij + y4
i ∀i ∈ I, j ∈ E2 ∪ E3 (5)

Chromatographic columns have to process the incoming batch
nd both duplication in-phase and out-of-phase are allowed. Dupli-
ation in-phase is modeled in size constraint (6) since this permits
maller units and duplication out-of-phase is reflected in time con-
traints.

3
j + x1

j ≥ s3
ij + y4

i ∀i ∈ I, j ∈ E3 (6)
The cycle time for each product i, Y5
i

, is defined as the time
lapsed between the production of two consecutive batches and
s given by the larger operating time, Tij, among the stages in the
ical Engineering 84 (2016) 1–11

process. This time can be decreased if a duplication of units out-of-
phase is used:

Y5
i ≥ Tij

X2
j

∀i ∈ I, j ∈ E (7)

As batch stages operate for a fixed time, T0
ij

, cycle time constraint
in its convex form is given by Eq. (8):

y5
i + x2

j ≥ t0
ij ∀i ∈ I, j ∈ E1 (8)

Semi-continuous stages, on the other hand, operate during a
time that depends on the final batch size, Y4

i
. For those stages the

cycle time is constrained as in Eq. (9).

Y5
i ≥

T1
ij

Y4
i

X1
j

Y3
j

X2
j

∀i ∈ I, j ∈ E2 (9a)

y5
i + x2

j ≥ t1
ij + y4

i − x1
j − y3

j ∀i ∈ I, j ∈ E2 (9b)

Lastly, chromatographic stages are modeled considering both
fixed and variable operation times leading to the highly non-linear
constraint (10).

Y5
i ≥

T0
ij

+ T1
ij

Y4
i

X1
j

Y3
j

X2
j

∀i ∈ I, j ∈ E3 (10a)

y5
i + x2

j ≥ ln
[
exp

(
t0
ij

)
+ exp

(
t1
ij + y4

i − x1
j − y3

j

)] ∀i ∈ I, j ∈ E3(10b

Production targets for all products, di, must be satisfied within
the time horizon ı.∑
i∈I

diY
5
i

Y4
i

≤ ı + vı (11a)

∑
i∈I

di

ı
exp

(
y5

i − y4
i

)
≤ 1 + v (11b)

Finally, variables for duplication in-phase X1
j

are restricted to

integer values using constraints (12) and (13), where z3
jm

are binary
variables and M a set of available units to operate in parallel in-
phase. The same is valid for variables for duplication out-of-phase,
X2

j
.

x1
j =

∑
m∈M

z3
jm ln(m) ∀j ∈ E (12)

∑
m∈M

z3
jm = 1 ∀j ∈ E (13)

Appropriate upper and lower bounds are also considered for all
of the variables.

3.1.2. The design problem with selection of routes and equipment
sizing (P2)

More recent models (like Iribarren et al. (2004)) take into
account the joint selection of the production processes including
selection of hosts and equipment. Their formulation uses classical
Big-M constraints. Since we know that these constraints are prob-
lematic (Bosch and Trick, 2005) in this work we  propose a different
way to formulate the integer part of the problem replacing the Big-
M by clique constraints. With this formulation all constraints are
ignored except the upper bound on the variables (Dietrich et al.,

1993). Model (P2) includes the sizing of the equipment, the dupli-
cation of units in parallel working in-phase and out-of-phase and
accounts for the selection of the global process selecting routes
which are defined as the series of unit operations used to purify
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 protein given a certain host that synthesizes it. In this way once
he pair product-host, (i, h), is selected the set of stages conforming
he process is fixed.

The objective function becomes:

in  cost =
∑
j∈E1

z2
j c1

j exp
(

x1
j + x2

j + y1
j �1

j

)

+
∑

j∈E2∪E3

z2
j

[
c1

j exp
(

x2
j + y1

j �1
j

)
+ c2

j exp
(

x2
j + y2

j �2
j

)

+c3
j exp

(
x1

j + x2
j + y3

j �3
j

)]
+ v�ı (14)

Since some stages can be unused and just one route per protein
an be selected we introduced two binary variables: z1

ih
and z2

j
. z1

ih

s equal to 1 when for product i synthesis host h is selected and 0
therwise and z2

j
is 1 when stage j is used to process at least one

f the products and 0 otherwise. Constraint (15) enforces to chose
ust one host h to produce the protein i and constraint (16) permits
tage j to be used just in case at least one product needs it to be
rocessed.∑

i,h)∈:U
z1

ih = 1 (15)

2
j ≥ z1

ih ∀(i, h, j) ∈ R|(i, h) ∈ U (16)

For chromatographic stages constraints take the form of Eqs.
17)–(20) that are trivially satisfied if host h is not selected to pro-
uced protein i (z1

ih
= 0). When the host h is selected for protein i

z1
ih

= 1) and the stage j has to be performed to process product i
hen z2

j
= 1 and constraints are the same as in previous formulation

Section 3.1.1).

1
j z2

j ≥ s1
ihjz

1
ih + y4

ihz1
ih ∀(i, h, j) ∈ R, j ∈ E3 (17)

2
j z2

j ≥ s2
ihjz

1
ih + y4

ihz1
ih ∀(i, h, j) ∈ R, j ∈ E3 (18)

3
j z2

j + x1
j z2

j ≥ s3
ihjz

1
ih + y4

ihz1
ih ∀(i, h, j) ∈ R, j ∈ E3 (19)

5
ihz1

ih + x2
j z2

j ≥ ln
[
exp

(
t0
ihj

)
+ exp

(
t1
ihj + y4

ih − x1
j − y3

j

)]
z1

ih

∀(i, h, j) ∈ R, j ∈ E3 (20)

If stage j is not necessary for the process (z2
j

= 0); then equip-
ent sizes are set to 0 with constraints as (21) and no unit is

onsidered to conform that stage (constraint (22)):
1,LO
j

z2
j ≤ y1

j ≤ y1,UP
j

z2
j ∀j ∈ E (21)∑

∈M
z3

jm = z2
j ∀j ∈ E (22)

Finally, in the planning horizon constraint (23) only the terms
ssociated to the selected host per protein are considered.∑

i,h)∈:U

dih

ı
z1

ih exp
(

y5
ih − y4

ih

)
≤ 1 + v (23)

.2. Mixed-integer linear formulations

To obtain more accurate solutions and, specially in larger

nstances, in a reasonable running time we present a MILP refor-

ulation, which can be solved using any commercial MILP solver.
hese models are basically equal to their MINLP counterpart but
eplacing the non-linear objective and time constraints with sets of
ical Engineering 84 (2016) 1–11 5

linear functions which give arbitrarily good lower or upper approx-
imations of their respective original functions. The actual optimal
solution is in between both approximations and the precision level
is given by the number of cutting points selected to generate the
set of linear functions to replace each non-linear function and the
actual selection of the approximation points used for example equi-
spaced or non-equispaced. In this way the accuracy of the solution
can be as high as desired at the cost of longer computing time.

3.2.1. Inner and outer approximations
Given a convex function of one variable g(x) ≤ 0 and a set of

points {xk}k=1,...,n in the domain of g then, is easy to see that:{
x|g(x̂k) + ∇g(x̂k)(x − x̂k) ≤ 0 k = 1, . . .,  n

}
⊇

{
x|g(x) ≤ 0

}
(24)

and

{
x|g(x̂k) +

g
(

x̂k+1

)
− g

(
x̂k

)
x̂k+1 − x̂k

(
x − x̂k

)
≤ 0 k = 1, ldots, n

}

⊆ {x|g(x) ≤ 0}, (25)

which allows for straightforward lower and upper approximations
of g. Using this fact, it is easy to find inner and outer approximations
of the problems (P1) and (P2).

In fact, for each non-linear constraints of the form gj(x) ≤ 0,
and considering an arbitrary set of cutting points in the domain
{xk}k=1,...,n the consideration of the set of constraints

gj(x̂k) + ∇gj(x̂k)
(

x − x̂k

)
≤ 0 k = 1, . . .,  n (26)

which leads to a larger feasible set, as can be seen in Fig. 3a. On the
other hand, we consider the set of constraints

gj(x̂k) +
gj

(
x̂k+1

)
− gj

(
x̂k

)
x̂k+1 − x̂k

(
x − x̂k

)
≤ 0 k = 1, . . .,  n − 1 (27)

which leads to a smaller feasible set, as can be seen in Fig. 3b.
In the same way, the minimization of the cost objective function,

f(x), can be replaced by

min  v
s.t. v ≥ f (x̂k) + ∇f (x̂k)(x − x̂k) k = 1, . . .,  n

(28)

which leads, together with an outer approximation of constraints,
to a lower bound of the true cost. The objective function can also
be replaced by

min  v

s.t. v ≥ f (x̂k) +
f
(

x̂k+1

)
− f

(
x̂k

)
x̂k+1 − x̂k

(x − x̂k)

k = 1, . . .,  n

(29)

which leads, together with an inner approximation of constraints,
to an upper bound of the true cost.

In what follows, ∇f (x̂k) or
f (x̂k+1)−f (x̂k)

x̂k+1−x̂k
= ˛k in the lower or upper

approximation, respectively, x̂k = bk and f (x̂k) = ˇk.

3.2.2. Reformulation for the equipment-sizing problem (P3)
The assumptions for this model are the same as those for the

MINLP proposed in Section 3.1.2.
Objective function. Cost functions of Eq. (2) are individually lin-

earized using the approximations given in Section 3.2.1 which

leads to Eq. (30):

min  cost =
∑
j∈E1

v1
j +

∑
j∈E2∪E3

[
v1

j + v2
j + v3

j

]
(30)
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ig. 3. Feasible region (patterned area) of (a) outer and (b) inner approximations
dashed lines) of an exponential function (solid line). Points bi are the cutting points
nd  LB and UB are the lower and upper bounds of x.

Constraints.  Batch and semi-continuous stages and binary vari-
bles for duplication of units constraints in this MILP model are the
ame as those in the MINLP model shown in Section 3.1.1.

Chromatographic stages.  Size constraints for feed and product
anks and column size constraint are the same as those in the MINLP

odel shown in Section 3.1.1.
Time constraint (31) is obtained from the linearization of Eq.

10):

5
i + x2

j ≥ ˛6ij
k

(
y4

i − x1
j − y3

j − b6ij
k

)
+ ˇ6ij

k
∀i ∈ I, j ∈ E3, k ∈ K6

(31)

Planning horizon. From linearization of Eq. (11) constraint (32)
s obtained:

i∈I
v7

i ≤ 1 (32)

Auxiliary variables.  Cost functions in the objective function are
inearized as shown in Eq. (33) and planning horizon constraint is

inearized as shown in Eq. (34):

1
j ≥ ˛1j

k

(
x1

j + x2
j + �1

j y1
j − b1j

k

)
+ ˇ1j

k
∀j ∈ E1, k ∈ K1 (33)
ical Engineering 84 (2016) 1–11

v7
i ≥ di

ı
˛7i

k

(
y5

i − y4
i − b7i

k

)
+ di

ı
ˇ7i

k ∀i ∈ I, k ∈ K7 (34)

3.2.3. Reformulation for the design problem considering route
selection and equipment sizing (P4)

Similar to the model presented in Section 3.2.2 this model
was built based on its MINLP counterpart and most of constraints
remain the same.

The objective function is the same as that from model (P3) and
for stages design only differences are encountered for time con-
straints of chromatographic stages. In this way, applying the inner
or outer approximations to Eq. (20) constraint (35) is obtained:

y5
ih + x2

j ≥ ˛6ihj
k

(
y4

ih − x1
j − y3

j

)
+

(
ˇ6ihj

k
− ˛6ihj

k
b6ihj

k

)
z1

ih

∀(i, h, j) ∈ R, j ∈ E3, k ∈ K6 (35)

This set of equations together with constraints of the type of (36)
for variables y1

j
, Y2

j
, y4

ih
, y5

ih
, X1

j
and X2

j
will model the same situation

as in (P2).

y3,LO
j

z2
j ≤ y3

j ≤ y3,UP
j

z2
j ∀j ∈ E3 (36)

If z2
j

= 0 constraint (35) is trivially satisfied. On the other hand

if z1
ih

= 0 constraint (35) becomes:

x2
j ≥ ˛6ihj

k

(
−x1

j − y3
j

) ∀(i, h, j) ∈ R, j ∈ E3, k ∈ K6 (37)

Since ˛6ihj
k

is a positive parameter constraint (37) will be always
satisfied only if |x1

j
| > |y3

j
| or if both variables are bigger than or

equal to 0. To assure this data preprocessing is necessary. As X1
j

is

always bigger than 0 we normalized variables Y3
j

by their lower
bound. More details in Section 4.3.3.

For the case of planning horizon constraint little difference is
found between (32) and (38). The last one takes into account host
selection:∑
(i,h)∈:U

v7
ih ≤ 1 (38)

Finally, constraints for auxiliary variables v1
j
, v2

j
, v3

j
and v7

ih
are

different from those for problem (P3) to account for route selection:

v1
j ≥ ˛1j

k

(
x1

j + x2
j + �1

j y1
j

)
+

(
ˇ1j

k
− ˛1j

k
b1j

k

)
z2

j ∀j ∈ E1, k ∈ K1 (39)

v1
j ≤ z2

j v1,UP
j

∀j ∈ E1 (40)

v7
ih ≥ di

ı
˛7ih

k

(
y5

ih − y4
ih

)
+ di

ı

(
ˇ7ih

k − ˛7ih
k b7ih

k

)
z1

ih ∀(i, h) ∈ U,  k ∈ K7

(41)

v7
ih ≤ z1

ihv7,UP
ih

∀(i, h) ∈ U (42)

If z2
j

= 0 constraints (39)–(42) are trivially satisfied and if z1
ih

= 0

then constraints (41) and (42) are trivially satisfied. Finally, if z1
ih

= 1
and z2

j
= 1 then constraints (39)–(42) are the same as those in the

MILP formulation without route selection.

4. Methods
4.1. Solvers and modelling language

For MINLP problems the open source BONMIN 1.5 and SCIP 3.0.1
solvers were studied. In our computational tests SCIP uses SoPlex
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.7.1 as the LP solver and BONMIN (with its default algorithm, B-
yb) uses Cbc 2.7.1 as the MIP  solver and Ipopt 3.10.0 with MUMPS
s linear solver. For the case of BONMIN we tested 3 over 5 available
lgorithms: B-Hyb the default algorithm, B-Ecp a specific parame-
er setting of B-Hyb that can be faster in some cases (Bonami and
ee, 2013) and B-OA using CPLEX as the MILP solver that according
o Mittelmann (2013) can be faster for convex instances. In prelim-
nary studies solvers as KNITRO and COUENNE were also tested to
olve our MINLP formulations, but their performance in our sim-
lest instances were poorer than that for the selected solvers.

For MILP problems the commercial CPLEX solver in its version
2.4.0.0 was used as it is one of the top performer from the literature
Mittelmann, 2013).

All models were coded using the AMPL modelling language.

.2. Execution environment

Each instance was executed using a single thread on a Intel(R)
eon(R) CPU E5620@2.40GHz with a running time limit of 48 hours,
n optimality relative gap of 0.1% for models (P3) and (P4) and 2%
or (P1) and (P2), and a maximum memory usage of 6Gb of RAM.

The difference in the prescribed optimality gap for MILP and
INLP solvers is given by the fact that while MINLP problems are

olved to find the actual minimum cost function within a defined
ptimality gap, and therefore an a priori optimality gap, MILP mod-
ls find true upper and lower bounds for the actual cost function
eading to an a posteriori optimality gap that is computed after-

ards. As will be shown in Section 5.2, this difference ensure that
ur results are comparable.

.3. Methodology

.3.1. Instances
To compare different approaches two set of instances, with ran-

omly generated data between given reasonable upper and lower
ounds, were built: “sizing instances”, to compare simpler models
P1) and (P3), and “routing instances” to compare more complex

odels (P2) and (P4). We  considered a variety of different num-
er of proteins to be produced (4–6), number of stages to conform
he process (11–65), number of routes to synthesize the product
20–65) and different cost coefficients values (1–110% of nominal
alues).

.3.2. Benchmarking
In order to compare the model-solver pairs studied in this work

e introduce a new tool for process engineers that was introduced
n the optimization field by Dolan and Moré (2002) to compare
ifferent optimization software: the performance profile.

As stated by Dolan and Moré (2002) the performance profile for
 solver is the “cumulative distribution for a performance metric”,
or example computing time. In this way things like how many
nstances a solver is able to solve given some stop criteria like those
hown in Section 4.2, or how fast it solves different instances of the
ame type of problem can be seen graphically.

As an example of how to read these plots, in Fig. 4a it can be
een that when using 17 cutting points 40% of the instances were
olved to an a posteriori optimality gap up to 2% while when using
3 cutting points leads to an optimality gap under 0.5% for the same
mount of instances.

.3.3. Data pre-processing

It is known that zero-one problems of large-scale are hard com-

inatorial optimization problems (Crowder et al., 1983; Koch, 2004;
pplegate et al., 2007) reason why in order to obtain reliable solu-

ions preprocessing data is necessary. The use of tight bounds and
posteriori and (b) the logarithm of the running time of “sizing instances” solved
with linear model (P3) using 17, 33 and 65 cutting points for lower and upper
approximations with an optimality relative gap of 0.1%.

the normalization of the variables are necessary to decrease numer-
ical errors.

Although not all of our instances are big enough to need data
preprocessing all were subjected to the same treatment:

• All variable bounds and parameters associated to variables Y ·
j

and
Y ·

i
were normalized by their respective lower bounds.

• Size and time factors were normalized and dimensionless consid-
ering the respective associated units. For example, as size factor
for tanks have units of batch size divided by a volume this param-
eters are dimensionless by multiplying by the lower bound of the
final batch size and dividing by the respective tank lower bound.

• Lower bounds for the cycle time were tightened using time con-
straints and upper bounds for final batch product were tightened
using size constraints.

5. Results and discussion

In this section we show the robustness of our proposed MILP
transformations and its superiority over classic MINLP formulations
with Big-M constraints using performance profiles, a methodol-
ogy borrowed from the optimization literature. Our approach is
not only able to find correct solutions in realistic situations unlike
MINLP formulations but also in a small fraction of the time required
by those approaches. Major implications of these features are the
exactness of the solutions that make this information reliable for
decision-making; and as time reduction is significant numerous
alternatives can be tested with the same formulation or with com-
plexified models that may  address the combination of different
types of decisions.

This presentation is organized as follows: first, we  describe the
instances generated for comparison then discuss the selection of
the cutting points for the proposed approach and finally, we com-
pare MINLP and MILP formulations in terms of their performance
solving the sets of instances using time as the metric.

5.1. Size of instances

To compare the most basic and easy to solve problems (P1) and

(P3) a set of 186 instances (“sizing instances”) were generated vary-
ing the number of proteins to be produced (2–6), the number of
stages that conform each process (11–35) and the cost coefficient
values (1–110% of nominal values). Sizes of these instances in terms
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Table  2
Sizes of sample instances solved using non-linear model (P1).

Variables Constraints

Discrete Continuous Linear Non-linear

Small 264 57 139 9
Medium1 840 157 407 5

Table 3
Sizes of sample instances solved using linear model (P3) with 33 cutting points for
linear inner approximation.

Variables Constraints

Discrete Continuous Linear Non-linear

o
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substantial attention to smaller values of x could significantly
Small 264 87 1357 –
Medium1 840 237 3096 –

f number of variables and constraints are shown in Tables 2 and
, where “Small” corresponds to an example of one of the smaller

nstances solved with different models and “Medium1”, to an exam-
le of the bigger instances solved for these two models. As it can
e seen in both tables new auxiliary variables and the sets of linear
unctions generated to replace non-linear restrictions makes the
roblem from 7 to 12 times bigger in terms of linear constraints
hen 33 cutting points are used for linearization with an increase

n about 50% of continuous variables. However, as we will see later,
his increase in variables and constraints leads to smaller execution
imes and more accurate results.

To test models (P2) and (P4), as they were posed to solve more
omplex scenarios, a set of 249 new and bigger instances (“rout-
ng instances”) were generated varying the number of proteins to
e produced (4–6), the number of stages conforming the global
rocess (18–65) and the number of routes available to produce
he proteins (20–40). Sizes of these instances in terms of number
f variables and constraints are shown in Tables 4 and 5, where
Medium2” corresponds to an example of one of the smaller “rout-
ng instances” solved with models (P2) and (P4) and “Large”, to an
xample of the bigger instances solved in this work. As it can be
een in both tables, in comparison with Tables 2 and 3, the number
f discrete variables increases by 5% with the addition of selection
ariables, z, and the number of linear constraints increases by 15%
or (P4) and is around double for (P2). As we will see later, this

ddition permits the resolution of more complex scenarios, while
t the same time not affecting execution time or optimality gap in
omparison with the more basic formulation.

able 4
izes of sample instances solved using non-linear model (P2).

Variables Constraints

Discrete Continuous Linear Non-linear

Small 279 57 251 9
Medium1 881 157 719 5
Medium2 488 152 1262 22
Large 1794 613 15766 462

able 5
izes of sample instances solved using linear model (P4) with 33 cutting points for
inear inner approximation.

Variables Constraints

Discrete Continuous Linear Non-linear

Small 279 87 1539 –
Medium1 881 237 3602 –
Medium2 488 229 4829 –
Large 1794 926 46489 –
ical Engineering 84 (2016) 1–11

5.2. Selection of cutting points

Contrary to MINLP problems (P1) and (P2) that are solved to
an a priori optimality gap, models (P3) and (P4) give true upper
and lower bounds for the actual cost function of each instance and
therefore an optimality gap that is computed a posteriori. Fig. 4a
shows the performance profiles of the gaps obtained a posteriori
for the “sizing instances” solved with 17, 33 and 65 cutting points
that generate 16, 32 and 64 linear functions for the inner approx-
imations, respectively. Here we  can see that our linear model is
able to solve all instances with a maximum gap of 5% in less than
16 seconds when using 17 cutting points, and a gap of less than
0.5% in less than 64 seconds when using 65 cutting points. The run-
ning time profiles can be seen in Fig. 4b. If 65 cutting points had
been selected, the optimality gap for non-linear solvers would have
been around 0.5% as that is the worst gap obtained a posteriori with
CPLEX (Fig. 4a). Given this, in our final experiments we use a set of
33 cutting points, since this option gives the largest improvement
in gap versus the increase in execution time, and a slightly bigger
optimality gap criteria of 2% was  selected for non-linear solvers.

Once the number of points is selected, the specific values of
these points must be chosen. The most obvious choice is equispaced
points which, for the (relevant) exponential function ex generates
small errors for low values of x and large errors for high values.
Another alternative is to use the expression (43), where N is the
total number of cutting points including −∞ as x1 and x̄ as the upper
bound of x. This is a good approximation in order to minimize the
maximum value of the error (see Fig. 5).

xk = 2 ln
(

k − 1
N − 1

)
+ x̄ ∀k ∈ 2...N (43)

We can see in Fig. 5 that the choice of equispaced points leads to
better approximations for low values of x, but much worse for high
values. For our numerical experiments, equispaced points work
better: while execution time remains the same for both approaches,
a posteriori gaps were slightly worse for non-equispaced points
(Fig. 6).

This leaves open important questions about the optimal point
selection to improve the precision of upper and lower approxi-
mations. Our preliminary simulations seem to indicate that giving
improve the results, but this is left for further research.

Fig. 5. Comparison of absolute errors using 2 different sets of 33 cutting points
where f(x) are the linear functions used to approximate the exponential function
between 2 cutting points.
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Fig. 6. Comparison of performance profiles of a posteriori gaps obtained using 33
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Fig. 8. Comparison of performance profiles of the logarithm of the ratio of the com-
puting time of the pair model-solver versus the best time of the pairs model-solvers
utting points to solve model (P4) where f(x) are the linear functions used to approx-

mate the exponential function between 2 cutting points. Time limit was  set in
2  h.

.3. Equipment sizing: comparison of problems (P1) and (P3)

We  tested three different combinations of solvers-models: the
inear model (P3) was solved using CPLEX as solver while the
on-linear model, (P1), was solved using SCIP and 3 of the 5 algo-
ithms that are available for using BONMIN which were chosen
ased on BONMIN users’ manual and Mittelmann’s benchmarking
Mittelmann, 2013) information. All of the instances were solved
sing the stopping criteria and conditions mentioned in Section
.2.

Fig. 7 shows the performance profile of running time using
ONMIN-Hyb, BONMIN-Ecp, BONMIN-OAcpx, SCIP and our CPLEX-
ased approach. From this, we can see that problem (P1) was solved
aster using any BONMIN algorithm than using SCIP solver. More-
ver, SCIP only worked well in about the 75% of the instances, while
ONMIN is able to solve the 85% of the instances using the OA
lgorithm and the 100% of the studied instances using either the
cp or the Hyb algorithm. On the other hand, model (P3) solved
sing CPLEX is able to solve all of the instances studied, as well as
ONMIN, but taking much less time than the problem (P1). As B-Ecp
nd B-Hyb seems to be equally good for those instances that take

onger to be solved we decided to use as the performance metric
he ratio of the computing time of the model-solver versus the best
ime of all of the model-solvers, denoted by �. Those performance
rofiles are plotted in Fig. 8 where we can see even more clear than

ig. 7. Comparison of performance profiles of the logarithm of running time of “siz-
ng  instances” solved using models (P1) and (P3) with an optimality relative gap of
.1% for the linear solver and 2% for non-linear solvers.
for  “sizing instances” solved with models (P1) and (P3) with an optimality relative
gap of 0.1% for the linear solver and 2% for non-linear solvers.

the CPLEX-based approach is always better than all of the other
options and that Ecp algorithm is always better than Hyb for this
asked optimality gap.

5.4. Routes selection: comparison of problems (P2) and (P4)

As a test of correctness, models (P2) and (P4) were solved using
the generated “sizing instances” where just one route was avail-
able to produce each product. Contrasting these results to those
obtained by (P1) and (P3) it can be seen in Fig. 9 that both formula-
tions, for equipment sizing and considering routes, are consistent
solving the same amount of instances in virtually the same amount
of time. Performance profiles of the relative difference between the
value of the objective function obtained with simpler – (P1) and (P2)
– and more complex formulations – (P3) and (P4) – are presented
in Fig. 10 where it can be seen that the differences between MILP
formulations, as well as for MINLP formulations solved using BON-
MIN, are at most the optimality gap asked for each solver. The
case of SCIP is different because in almost the 10% of the instances
the solver gives results with a difference in the objective func-

tion between models (P1) and (P2) greater than the optimality gap
which shows that this solver is not reliable to solve this type of
problems.

Fig. 9. Comparison of performance profiles of the logarithm of running time of
“sizing instances” solved using models (P1), (P2), (P3) and (P4) with an optimality
relative gap of 0.1% for the linear solver and 2% for non-linear solvers.
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Fig. 10. Comparison of performance profiles of relative difference between simple
and more complex formulation for “sizing instances”. Models (P1) and (P2) were
solved to an optimality gap of 2% and (P3) and (P4), to an optimality gap of 0.1%.
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ig. 11. Comparison of performance profiles of the logarithm of running time of
routing” and “sizing instances” solved using models (P2) and (P4) with an optimality
elative gap of 0.1% for the linear solver and 2% for non-linear solvers.

As a final step in this work we compare in Fig. 11 the per-
ormance profiles of total running time obtained after solving all
nstances generated for this work (435 in total). Here we can see
hat for “routing instances” (P4) is much more robust than (P2),
hat was not able to solve any of those cases. In average (geo-

etric average), the instances take about 40 s to be solved using
odel (P4), which is about the 3% of the time required by (P2)-

ONMIN and less than the 1% of the time required by (P2)-SCIP.
evertheless, for some punctual instances that represent the 4.6%
f the instances studied, the time and/or memory usage were not
nough to get the desired optimality gap. From this it can be
tated that for the solution of more realistic instances or even
o solve real problems considering continuous equipment sizes,
he formulation proposed in this work is much more reliable and
aster than the usual and widely studied standard MINLP formula-
ion.

. Conclusions

In this work we present a scalable approach to solve, within
easonable running times and quality assurance requirements, the

roblem of designing a biotechnological multi-product batch plant
hat support continuous equipment sizes and discrete host and/or
rocess selection, up to sizes of real instances and that can be appli-
able to any kind of multi-product batch plant.
ical Engineering 84 (2016) 1–11

The proposed method was  proved to be more numerically sta-
ble than other alternative approaches for the same problem giving
true optimal solutions, and in general, faster than other tested
approaches. Our method takes advantage of two facts: the con-
tinuous relaxation of the feasible region is convex and bounded
(which allow us to build, up front, inner or outer approximations
of the feasible space, and thus report true upper/lower bounds for
each instance); and the fact that mixed-integer linear solvers are
much more stable numerically and scalable in size than MINLP algo-
rithms. Also, this approach relies on “off the shelve” optimization
and modelling software, which makes it more amiable to practi-
tioners.

To assert our claims, we borrow algorithm comparison tools
from the optimization community, which are an interesting form
to test the quality of competing algorithms to tackle the same class
of problems.

Although, in a real scenario, semi-continuous units such as
centrifuges and microfilters, among others, are available only in
discrete sizes, unlike tanks that can be built according to customer
needs, we feel that the proposed approach is robust enough to
consider such issues, however, this was left as a next step in our
research. Additionally, to increase the precision of our results for
real cases, it is possible to explore a two step approach where after
using the proposed method to obtain upper and lower approxi-
mations for the objective function we  can refine different upper
and lower variable bounds making them tighter and perform a
re-optimization.

Finally, if true speed is the goal; we know that low-level imple-
mentations of dynamic inner/outer approximation can provide
further time reductions, however, we  feel that this is beyond the
scope of this work.
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