INDUCING OVERCONFIDENCE

FRANCISCO SILVA®

In this study, I present a theory which explains how the influence of others may
generate overconfidence. The argument is built on the idea that the more help an agent
receives when performing a task, the less informative the score on that task will be
relative to the agent’s ability to perform it. If an agent is confident, he tends to benefit
from more cooperation opportunities simply because he is likely to be perceived as being
more skilled. As a result, he remains confident because the future signals he will observe
will contain very little information regarding his ability. On the contrary, if the agent is
not confident, he will receive more informative scores, which will help him learn his true

ability faster. (JEL D81, D83, D84)

I. INTRODUCTION

Overconfidence is a phenomenon which has
been widely researched in a variety of subjects
including economics. There have been several
papers which claim to provide evidence in sup-
port of the idea that people are overconfident with
respect to their own ability (see, e.g., Buehler,
Griffin, and Ross 1994; Guthrie, Rachlinski, and
Wistrich 2001; Svenson 1981). While there have
been other papers that have not found any evi-
dence of overconfidence (see Clark and Friesen
2009; Moore and Healy 2008), there is, at the
very least, a justifiable suspicion that, in various
settings, people are overconfident.

It is important to understand why over-
confidence arises, as it may have serious
consequences in people’s lives. Overconfi-
dence can be good—there is some evidence
that confidence in one’s ability improves perfor-
mance (see Taylor and Brown 1988). It can also
be tremendously bad. People who overestimate
their ability will likely make poor decisions—for
example, overconfident managers may be too
willing to invest in risky projects (Malmendier
and Tate 2005); overconfident entrepreneurs
will start businesses they should not have
(Camerer and Lovallo 1999); even overconfident
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researchers will immerse themselves into solving
unsolvable mysteries.

Several theories have been presented to try
to explain this phenomenon. In the majority
of them, a person becomes overconfident only
because of her own decisions.! In this article,
I examine the link between overconfidence and
the actions that other people take. There is a
vast literature, mainly in applied psychology, that
has documented external influences on people’s
expectations—Glasgow et al. (1997) and Smith
and Powell (1990), among many others, highlight
the impact of parents on their children’s expec-
tations; Meyer and Gellatly (1988) argue that
setting external goals increases students’ self-
confidence; Hattie and Timperley (2007) discuss
the influence that feedback provided by teach-
ers or parents may have on one’s confidence; and
Klassen (2004) argues that the actions of one’s
peers may have a considerable impact on self-
confidence. The traditional explanation for the
influence of others’ actions on self-confidence
relies, at least to some extent, on the assumption
that agents interpret the information they collect
at face value. For example, imagine that some
agent’s father decides to take over his son’s sci-
ence project and the son ends up receiving an
“A” for it. If the son is “naive” he might become
overconfident about his skill simply because he
does not take into account that most of the work
was performed by his father. While arguments of
this nature might sometimes be reasonable, one
has to wonder whether, if this type of interaction

1. Bénabou and Tirole (2003) is one notable exception,
which I discuss below.
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happened often, the son would eventually real-
ize that the only reason he was getting “A’’s was
because of the help he was receiving and not
because of his skill. I provide a theory of induced
overconfidence where the agent properly dis-
counts any outside influence on his performance.

As an example, consider the relationship
between a graduate student and his academic
adviser. Upon arrival at the university, the grad-
uate student usually has to go through a series
of tests and examinations during his first year.
Once his scores are revealed, both he and his
adviser use them to update their beliefs about the
student’s ability. It appears reasonable to assume
the adviser will be more willing to provide guid-
ance and advice to the student if she believes the
student to be of high ability. Therefore, a student
who has performed well in his first year will
receive a substantial amount of help, unlike the
student who has not.

The key to my argument is the way I model
the impact of the second agent’s action on the
informativeness of the first agent’s future signals:
in the graduate student’s story, the way I model
the impact of the adviser’s help on the signals
that arrive after the first year. Certainly, more
help means that the scores the student obtains
in future assessments will probably be higher.
However, the downside of receiving help would
be that these future scores would also be less
informative. If the student performs a task on
his own and has a good score, he must think
that his ability is high. Likewise, if his score is
low, he will think his ability is low. However,
when the student receives substantial help, he
will be unsure whether the score he obtained was
a product of his own ability or of the help he
received. Therefore, he will not be as accurate in
inferring his ability from the score he observes.

Take two students who happen to have the
same ability but different scores in their first year.
The one who received a high score will receive
more help and will therefore place relatively lit-
tle weight on future scores. By contrast, someone
who has received a low score during his first year
will not receive as much help and, as a conse-
quence, will place considerable weight on future
scores. Given that the first score was low, the stu-
dent is likely to improve. It is this asymmetry
that causes overconfidence: students who per-
form well in their first year put more weight on
that score than those who performed worse.

There are a number of papers based on this
same insight that, while less confident people
will quickly leave that state, more confident

people will not. Zabojnik (2004) argues that the
opportunity cost of further investigating one’s
ability increases with ability and so more confi-
dent agents will likely stop investigating sooner
than will less confident ones. Koszegi (2006)
states that more confident people will sometimes
obtain less information out of fear that a bad out-
come may make them think their ability is low,
which has a direct impact on their well-being.
Bénabou and Tirole (2002) show that, with time-
inconsistent preferences, a more confident agent
may prefer not to acquire costless information.
Brocas and Carrillo (2009) argue that more confi-
dent agents require less evidence to support their
investment decisions, which may help explain
why so many new businesses fail. What distin-
guishes this paper is that I employ a similar logic
in a setup where there are two agents (a father
and a son, an adviser and an advisee, etc.) and
where one of them strategically tailors his actions
to influence the confidence of the other. Bén-
abou and Tirole (2003) consider a setup similar to
this, in that they also consider an external figure
who influences the agent’s beliefs. However, their
model does not generate a systematic bias toward
overconfident beliefs, which is a contribution of
this study.

Il.  THE MODEL

There are two actors in the model: the agent
and the person who provides help to the agent,
whom I will call the adviser, following the story
in the introduction. The agent is endowed with
an ability level y which neither he nor the adviser

observes. I assume that y ~ N (O, 6%). There are

two periods in the model. In the first period, the
agent performs a task for which he receives a
score s;. This score will be a function not only of
his ability y but also of some independent random
variable ¢,. In particular, I assume that

s =y+¢g

where €, ~ N(0, 1). Score s, is publicly available
so the adviser is assumed to observe it. In the
story in the introduction, the score s; represents
the grades the graduate student receives during
his first year.

At the end of period 1, there will be some
interaction between the agent and the adviser,
which will result in the agent receiving some
level of help 4 > 0, which the agent is assumed to
observe. In Section IV, I discuss this interaction
in more detail; for now, I simply assume that the
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help the agent receives is a function of s,. In
particular, there is g : R — R such that 2= g(s;).

In period 2, the student performs a second task
which returns score s,, where

S2=y+hx+82.

Tassume thatx ~ N (p,,62), &, ~N(0, 1), and
that x and €, are independent random variables.
This second score still has the same two com-
ponents as the first one (i.e., the agent’s ability
and “noise”) but there is a third element, which
depends on the help the agent receives. The ran-
dom variable x is interpreted as the ability of
the adviser. The idea is that the help the agent
receives determines whether the score depends
more on the agent’s ability or on the adviser’s
ability. If A is small, then s, will depend mostly
on the agent’s ability; if /4 is large, what matters
the most is the adviser’s ability.

lll.  INDUCED OVERCONFIDENCE

I am interested in studying the circumstances
under which the agent will be overconfident
about his own ability y at the end of the sec-
ond period. Given the structure of the signals the
agent observes and by simple Bayesian updating,
it follows that

A~ A2
y|s;, 85 ~ N (py,cy>

for some fi, and 85. The issue now is how to
define “overconfidence.”

One of the most common methods employed
by the experimental literature on overconfidence
is to ask people whether they believe they are
better than the average (or more accurately the
median).” If more than 50% of the subjects
respond “yes,” this is taken as evidence of over-
confidence, as it is not possible that more than
50% of the people are actually better than the
median. In my model, recall that y is symmetric
around 0, so there is no distinction between the
mean and the median. Furthermore, the agents in
my model also reach the end of period 2 believ-
ing their own ability is symmetric around ﬁy.
So, when asked whether they believe their abil-
ity is greater than the mean/median, they would
say “yes” if fi, > 0 and “no” otherwise, simply
because ﬁy represents the conditional expecta-
tion, median, and mode of their ability.3

2. See Dunning, Heath, and Suls (2004) for a review.

3. For simplicity, I have assumed that ties are solved in
favor of the "yes." This assumption has no impact because
the event where fi, = 0 has a 0 measure.

PROPOSITION 1. If g is increasing, then
~ 1
Pr{fi, 20} > 5.
The inequality is strict if g is not constant.

Proof. See Appendix.

Proposition 1 says that, if the help an agent
receives is an increasing function of the first
score, the probability that the agent believes his
ability is greater than the median is larger than
50%. The intuition is the following. Let

Sy =8, = h,
so that
Sy, sy ~N (y, Var (ylsl) + hzc)zc + 1) .

It follows that the agent’s conditional expec-
tation ﬁy is simply a weighted average of s; and
§, (and the prior mean 0). However, the weights
depend on the help the agent receives. In partic-
ular, if help is increasing with s;, the variance of
the second signal §, is larger, which makes it less
informative. As a result, the weight of s, is larger
when s, is larger and smaller when s, is smaller.
In other words, if an agent draws a large s, he is
more likely to end up with a conditional expecta-
tion close to it than if he draws a small s;. Notice
also that, if g is constant, the weights on s; and §,
are also constant and so there is no bias. Further-
more, if g is decreasing, the opposite happens and
the probability that an agent’s conditional expec-
tation is below 0 is larger than 50%.

Benot and Dubra (2011) have criticized the
previous method of documenting overconfidence.
They argue that the fact that most of the pop-
ulation believes that they have a greater abil-
ity than the median is evidence of “apparent”
overconfidence. The approach taken by those
authors is that “real” overconfidence only exists
when agents do not have rational expectations.
Given that there are models with agents who have
rational expectations where the same result is
possible (such as this model), observing that most
people believe they have a greater ability than the
median is not indicative of overconfidence.

This type of criticism raises the question of
whether there is a better, more accurate, way
of defining overconfidence. Taken literally, when
someone is overconfident, he is too confident
with respect to something; in this case his own
ability. So, whether an agent is overconfident or
not will depend on some comparison between the
agent’s beliefs and his true ability. Of course, the
challenge is to compare a distribution (the agent’s
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beliefs) and a number (the agent’s ability). How-
ever, in this model, the posterior belief of an agent
will be a normal distribution with mean ﬁy, which
is also the median and mode. Hence, it appears
natural to think of {I, as the agent’s response to the
question: “What do you think your ability is?” In
this sense, it appears appropriate and intuitive to
say that an agent is overconfident if {i, > y and
underconfident otherwise. Using this definition
and maintaining the assumption that the agent
indeed has rational expectations does preclude
any systematic bias. In particular, if one defines
o to be such that

Oan_y

it follows that E(0) = median(o) = 0. Therefore, if
one is of the opinion that overconfidence exists if
and only E(0) >0 or if and only median(o) > 0,
then it must be the case that overconfidence and
rational expectations are incompatible, just as
it is understood by Benot and Dubra (2011).
Howeyver, it is not the case that overconfidence
(defined as either E(0) >0 or median(o) > 0) is
incompatible with Bayes’ updating.

The rational expectations assumption can be
thought of as three assumptions put together:
first, the agent knows the prior distribution of his
own ability y; second, the agent knows the dis-
tributions of scores s; and s,; third, the agent
updates his beliefs about his own ability by
Bayes’ rule. The first of these assumptions is par-
ticularly controversial. The assumption that the
agent knows the distribution of his own abil-
ity is made mostly out of convenience and not
because there is a particularly compelling reason
to think that agents are magically born knowing
such a thing. In this context, I believe that an
equally (if not more) compelling way to model
the agent’s behavior is to assume that he has an
uninformative prior rather than the correct one.
In particular, it appears reasonable to think that,

while y ~ N (o, c§>, the agent will believe y ~

N (0, 65), where 6}, >0, so that, in a way, the
agent is more confused about his ability than he
would be if he actually knew its prior distribu-
tion. Notice in particular that, as 63 increases,
the prior belief of the agent becomes more and
more uniform.

Assuming that the agent’s prior belief about y

is distributed according to N (0, 65 , after having
observed scores s; and s,, the agent will believe

~ ~)
ylslst NN(IJ,y,Gy) .

Finally, let
5 = ﬁy -y

so that 6 represents the overconfidence of the
agent under this new prior.

PROPOSITION 2. If g is increasing and
d, > o,, then

E (5) > 0 and median (5) > 0.

Both inequalities are strict if g is not
a constant.

Proof. See Appendix.

By simply removing the assumption that the
agent knows the prior distribution of ability and
instead assuming that the agent has a prior with
a larger variance (and, in the limit, an uninfor-
mative prior), it is possible to have overconfi-
dence in the most intuitive of definitions. Not
only is this definition of overconfidence intuitive,
but there are also examples of empirical papers
which document the existence of “expected over-
confidence” (where E(6)>0). For example, in
the study by Smith and Powell (1990), a sur-
vey of college seniors was conducted, in which
they were asked their best guess about their own
future earnings as well as the earnings of the rest
of their cohort. The results were that the aver-
age of the answers regarding one’s own earn-
ings was higher than the average of the answers
regarding the rest of their cohort—a clear indi-
cation of expected overconfidence. I believe that
it is important to highlight that, even though
the assumption of rational expectations must be
removed for to hold, this does not imply the agent
is “irrational.” He is not endowed with any bias
and does Bayes’ updating as before. It is simply
the case that he does not know much about his
prior distribution of ability and, as a result, relies
less on his prior beliefs and more on the signals
he observes.

IV.  WHY IS HELP INCREASING?

In the previous section, I have argued that,
if the help an agent receives is an increasing
function of the initial score s, there will be
overconfidence as I have defined it. The pur-
pose of this section is to discuss several circum-
stances where such an assumption is reasonable
and intuitive. I provide three separate models that
result in an increasing help function. The com-
mon thread in all of them is that a large initial
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score s, leads to a public belief that the agent has
high ability. As a result, in the different settings
considered, there will be a desire on the part of
others to help/cooperate with that agent for their
own benefit.

A. Adviser/Graduate Student

Consider the story from the introduction
where a graduate student is completing his Ph.D.
The student has some unknown ability y and,
after the first year, receives score s,. At the end of
the first year, the student is assigned to an adviser

who must choose how much help & € [O,E]

to provide to the student. The help the student
receives impacts his future score s, as in the
previous section.

Suppose the adviser’s utility is given by
v(s,) — ch, where V/(s,) >0 for all s, and ¢> 0.
Assume p, > 0 so that the adviser’s help, at least
on average, does not harm the student, and let
g(s;) denote the optimal help choice made by the
adviser.

PROPOSITION 3. [f V'(s,)>0 for all s, E€R,
then g is increasing.

Proof. See Appendix.

By providing help, the adviser incurs a
marginal cost ¢ and causes a constant marginal
increase of x of the score s,. However, the adviser
is impacted more from the constant increase in
the score if the score is large. Thus, providing
help to the student gives more benefits to the
adviser if she believes the score is likely to
be larger, which is why she is more willing to
provide help if she believes the student is of
high ability.

There are several different reasons why an
adviser would have such preferences. Maybe the
adviser receives recognition only for her better
students, rather than for their mean quality. Or
perhaps the adviser benefits only from cooperat-
ing with the students perceived to be better, so
that there would be an added benefit associated
with skilled students. Or it might even be that the
adviser believes that highly skilled students are
more likely to be in a position of influence in the
future, which might benefit the adviser indirectly.
As a result, the adviser might be particularly
interested in developing a high-ability student’s
career by providing help in obtaining high scores.
What is important for the argument to hold is that
the desire to help those students who appear more

skilled is greater than the desire to help those who
appear less skilled.

B. Child/Parents

Consider the interaction between a child and
his parents. In particular, think of how parents
choose to help their children succeed. Typically,
the choice parents make is not so much whether
to help their child but rather how to allocate
such help.

Imagine that there are N different activities or
skills for which an individual is endowed with
an ability level y", where n=1, ... N. Assume

that y" ~d N (0, 65 . In the first period, the child
performs N tests for which she receives the cor-

responding public scores {srf}i,v:r where s =
y'+¢€". As in the previous section, for all n,
g" ~ N (0,1) and is independent of all other
random variables.

In the second period, the child performs
another set of N tests. However, the parents are
able to help the child in each of these. In partic-
ular, for each task n, the score the child receives
is given by s = y" + h"x" + €}, where h" >0 is
the amount of help the parents provide for task
n and x" is the parents’ ability to help the child
perform activity n. As before, x" ~i N (p;l Gf),
is independent of all other random variables and
! >0 for all n, while €, ~ N (0,1) and is
independent of all other random variables.

Finally, the parents’ utility function is given by

N
N _ n
u <{52}n=1> - Z v (52)
n=1
where V' (s) > 0 for all s} € R. The parents’
problem is to choose {A”" }Q’: | such that

N mt<h
n=1

where h >0, in order to maximize their
expected utility.

Finally, let g" (s}, ...,sllv ) denote the optimal
help level allocated to task n, given the set of
scores from the first period.

PROPOSITION 4. For all n, if v''(z) > 0 for all
ZER, then g" (s}, ey sN) is increasing with sq‘for

. 1
all {Sll}ﬁ;én'
Proof. See Appendix.

The idea behind the argument is the following.
Any of these N different skills could be the basis
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of a career for the child. For example, variable y!
could refer to the child’s musical ability, variable
y? could refer to athletic ability, and so on. By
obtaining a large score in the second period on a
given task 7, this might increase the chances of a
successful career using skill n. So, for example,
sé can be the score of an entry audition for the
Juilliard music school, or s2 can be the perfor-
mance of the child in his high school football
competition. Naturally, parents would care about
these signals because they are positively corre-
lated with the child’s future success.

The assumption that v is convex simply means
that parents prefer the child to be very good at one
activity than average at all activities. The parents’
motivation is that, if one thinks of these activities
as precursors of future careers, a successful career
depends on having only one very good skill (if
the child becomes a professional musician, his
athletic ability is pretty irrelevant in terms of his
career). The consequence of this assumption is
that the more convinced the parents are that a
child’s skill y* is large, the more they will be
willing to help the child in performing activity n.*

C. Matching

In most circumstances, most of the influence
exerted on an agent comes from his coworkers.
However, the type of coworkers an agent has is
likely to depend on the agent’s perceived ability.
In particular, the more skilled an agent is per-
ceived to be, the more cooperation opportunities
he is likely to attract.

Consider a similar scenario as before, where
there is a community of / agents all endowed with
some ability level y/, where y' ~# N (O, 65).
In the first period, each agent i observes public
signal s} =)' + ¢/, where &' ~id N (0, 1) and is
independent of all other random variables. In the
second period, agents randomly form pairs and
must decide whether to cooperate. Say a pair
(@',7"") is formed. If the agents cooperate they
receive a single joint signal s, = y" +y" +7%,,
where €, ~ N (0, 1) and is independent of other

4. Even though Propositions 1 and 2 do not follow
directly, given that g was assumed to be a function of only
one variable, it is easy to show the same exact results hold.
Basically, what follows directly from these is that there is
overconfidence at activity n (according to the respective def-
initions of propositions 1 and 2) conditional on the scores of
all other activities {s’l’ }A

n#

scores one obtains the unconditional overconfidence results
of Propositions 1 and 2 applied to each activity n.

. By integrating out these other
n

random variables. If they do not, each of them
receives his own signal s, =y’ + ¢}, fori=17,i",
where g5 ~ N (0, 1) and is independent of other
random variables.

I model the second period game between the
two matched agents as follows. One of them
is chosen with 50% probability to be given the
opportunity to ask the other agent whether he
wants to cooperate. If he has chosen to ask for
cooperation, the other agent must choose whether
or not to accept. Cooperation only occurs when
the first agent chooses to ask for it, and the second
agent accepts. Finally, I assume that each agent
i’s utility is equal to s, if there is cooperation and
equal to s; otherwise.

Notice that, after period 1, the public belief
about any agent i’s ability is that

ilg ~N 63 i G,%
Yls) l+c§s1’l+cs§

which then implies that each agent is only willing
to cooperate with a partner for whom the first
period’s signal was positive.’

PROPOSITION 5. For any match (i',1""),

(i) If s’i >0 for i=ii", the unique sub-
game perfect equilibrium outcome is to
have cooperation.

(ii) If s\ <O for either i=i" or i=i", the
unique subgame perfect equilibrium outcome is
not to have cooperation.

Proof. Notice that each agent prefers to cooperate
if he believes the other agent’s expected ability
is positive and prefers to refuse to cooperate if
he believes it is negative. Hence, if the condi-
tions of (i) hold, the respondent strictly prefers
to accept the cooperation offer and the proposer
strictly prefers to propose cooperation. If the
conditions of (ii) hold and if (a) the proposer’s
expected ability is negative, then the respondent
will refuse cooperation, while if (b) the respon-
dent’s expected ability is negative but the pro-
poser’s is positive, then the proposer refuses to
propose cooperation. -

Agents only wish to cooperate if their match
is skilled because only then does the match
bring value to the project. Therefore, agents who
receive a high initial score will have more cooper-
ation opportunities than those who receive a low

5. Notice that the same would be true even if the agents
had an uninformative prior. In that case, the conditional expec-
tation of y' would be exactly equal to s} .
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score. In particular, from the perspective of some
agent /, it is as if the second period score is equal
to ,

Yo +hx+e,

for some independent &,~N(0,1), where
x~N{[o2/ (@ + )]s [0/ (o2 + 1)] }

and denotes the ability of the agent’§ match
i" and where h is increasing with s;- As a

result, the overconfidence results follow from the
previous section.

V. CONCLUSION

In this article, I have presented a theory of
induced overconfidence. I have argued that, in
many circumstances, an individual’s opportuni-
ties to cooperate and receive help are positively
correlated with past signals of achievement. I
gave the example of an academic adviser who
prefers to help students she perceives to be more
skilled, parents who prefer to help their children
with the skills where they already distinguish
themselves, and coworkers who prefer to coop-
erate only if they believe their partner is skilled.
Overconfidence will then arise simply because
those who are more confident attract coopera-
tion and, as a result, receive less informative sig-
nals relative to their ability when compared with
those who are less confident. The asymmetry in
the cooperation opportunities is what causes the
overconfidence bias in the agents’ beliefs.

APPENDIX

Proof of Proposition 1
By Bayesian updating the agent’s beliefs, it follows that

VIsi.s9 ~ N ﬁy,ﬁf , where

A sz—hpx+(h20ﬁ+l)s1
y
G§+(h26§+1)(65+1)

and
o (h2c5)zc + 1) (53

0}2, + (hzc)% + l) (G% + l)
Therefore,
Pr{fi, >0} =Pr{q >0}
:/ fsl (?,)Pr{qZOlsl :?1}d3]
—oo

where
q (s],sz) =5, —hp, + (hzci + 1) 1.

Given that s, is symmetrically distributed around O it
follows that

Pr{fi, >0}
s Pr{q(s;.s;) 2 0ls; =%}
_4/0 fsl (S]) [+Pr{q (511’522) > Olsll = _IEI} dil.

Notice that, because yls|, xls|, and &,ls; are independent
and normally distributed, it follows that s, s, is also normally
distributed, which implies that

o2 o2

y 2.2 y 2.2
sy ~N —— +h6i+1 sy, —— +hc+1].
qls1 <(6§+1 * >IG§+1 * >

Therefore,

Pr{g>0ls; =5} +Pr{g>0ls; = 5}

oy
=2-0[-5 — +
o2 +1
o
-0|7,
! G§+1

Given that

+(g(5))) 02 +1].

o2
~ 3 ~ 2
+@ SIJGZ-‘;-I +(g(—sl)) o2+1)<1
¥

for all 5| > 0, which proves the result. If g is not constant, it
follows that the above inequality will be strict for all §; > 5,

_ S ~ 1
for some |, which implies that Pr {py >0} > 3 -

Proof of Proposition 2
Notice that

5 S~ hp, + (hzci + 1) K

T8+ (mo2 1) (82+1)

y

and so

—hp + (K62 +1) 5

T=022
To7+ (mo2+1) (82+1)

I start by showing the first part of the result. Notice that it
is enough to show that

E(R,) 20
if g is increasing, with the inequality being strict if g is not

a constant.
Notice that

E (E) =E; (E (ﬁylsl))
where
E(iils)) = d(B)s,
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and
52 (5%4—(1’1263:4—1) <03+1)
d(h) = =2 = -

o+ 1824 (262 + 1) <6§+1).

Notice that d(h) is strictly increasing with & if 6), >0,

strictly decreasing if 8, <c,, and constant if , =o,,.

If 6). >0, and g is increasing, it follows that

E(ale())n) = [ £ G (e G R
= [7 5, 6) @ G) = d e ()T,

>0

where the inequality is strict if g is not a constant.
As for the second part, notice that one can write

Pr{5>0} =Pr{p>0}
where
p=8h(x—p)+8e+8 (o, +1)s
- (K*e?+1) (63 + l)y.
Notice that

Y e Pr{p>0ls; =5}
rirz01= [ 60 | 200 21

Because xlsy, yls|, and &,ls; are all independent and nor-
mally distributed, it follows that

plsl ~N (pp (hz) Sl,(S’z) (hz))

where
s 82 +1
up(h)=(h26§+1)<5§‘°>2-0"3+1>
and
2 o
o2 () = 841202 + 8¢ + (120? +1)° (82 +1) 6511.
Therefore,

Pr{p>0ls; =5} +Pr{p>0ls; = -5}

_»p(<g<s1>>2)E . up(<g<—s1>>2)s
o (s (1)) ‘

2
o ((¢(=1))°)
. . e ) . .
Notice that if 6),>Gy, it follows that b is strictly

pp(h
increasing with £, if 8, <o, it is strictly decreasing, and if

8, =0, it is constant and equal to 0.
Therefore, if g is increasing and 8, > &, it is the case that

2 2
. by ((s(s1))°) by (2 (=51))°)
TR T )
op ((s(51))") o, ((s(=51))’)
forall Fl > 0, which shows the result. It is also clear that if g is

not a constant there will be some 5; > 0 such that the previous
inequality holds strictly for all's} >5,. .

5|+ 5=t

Proof of Proposition 3
The problem of the adviser is to select g(s;) for all s; such
that

g(s;) €arg max E(v(y+hx+g)ls) —ch.
nelo]

Notice that it must be that, for all s;, g (s;) € {0,h}
because, if not, it would have to be that

E(xv’ (y+g(sl)x+81)|sl) =c

and
E(xzv" (y+g(s1)x+81)|sl) <0

which is not true because v/ > 0. _
Therefore, it follows that g (sl) =hif

E(v(y+ﬁx+ez)|s1>—E(v(y+gz)|sl) >ch

and g(s;) =0 otherwise (where the assumption is that if there
is a tie help is provided). The RHS is independent of s, so the
proof is completed by showing the LHS is strictly increasing
with ;.

The LHS can be written as

/: /: /:f @)1 0)1: )
X (v (i+ﬁ%+52) -v (§+§2)> Gdyde,.

2
By doing a change of variables where = 5 — G;’ﬁ

X =X — p, it follows that the LHS is proportional to
o 5 o
LI
2

; 2
fiy (82) exp| == |exp (—zx ) *

G,

s, and

=19

22
G§+l

X —_— —_
<v <§+ i 5 +h%+hpx+'52)

5;1+l

&2
N PN Y ~
i v(y+—6§+lsl +82>> |

which is equal to
X

52
= J
fey (&) exp _2 2 TP <_2s§> *
G%-H

Bz,

2
~ oy TA T ~
v<y+ @51 +hx+ hp, +€,

X o2 dxdyde,.
-y <’y\+ 0—"s1 +52>

241
~, % T~
+v y+63js|—hx+hpx+82
N
-V y+%sl+82

Therefore, the derivative of the previous expression with
respect to s, is strictly positive if v/ > 0 because, for all X > 0,
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for all y, and &, ©,1) and g "€(0,1). WLOG, say n’ =1 and n'' =2. Let
h=h jj , 8" Tt follows that

( 62
y+ v1+hx+hpx+82)
y+l
2
G
+/ 5+ i sy
o2 +1

2
(¢
> 2V (y+ > j—]SI +52>
y

which concludes the proof. n

— IR + hp, +€2>

Proof of Proposition 4
The parent’s problem is to choose 7">0 for all
N

n=1,..,N such that Zh”sﬁ in order to maximize

n=1

E[S v ) )

First, I show that

£ [ﬁ ()1 {s’f}nN=1]

n=1

— >0
oh"
N —_—
for all 72, which implies that Zg” = h. Notice that

n=1

["Zv 1 n_] =E(A (Y +H5 4 ) 1))

oht
=E [E (xﬁv'
Notice that letting ¥
E (x’A’v’ (yﬁ Ny sﬁ) |yﬁ, sﬁs?)

is proportional to

(yﬁ + W 4 sﬁ> |yﬁ, &, s?) |sﬂ .

=X - . it follows that

2 v(y + W+ B p,,+8)
/ooexp _(xl) +},lav (y"+h"x”+h”p”+€ ) e
0 ) _}h\vl(ﬁ
+ K

WX 4 Wi +67)
va( —h"x"+h"p +€)

o X" N PO o
> / exp|— X [v' (y” + WX+ W+ 8”)
0 o?

- (yﬁ — WP+ Wy + eﬁ)] >0
forall yﬁ g, s, where the last inequality follows from the fact
that v// > 0. This implies that

o [v () {5} 1]

ohit

N
and that Zg" =h

n=1

Now I show that, for any arbitrary 7, gﬁ S {OZ} Sup-

pose not. Then there must be at least n’, n’’ such that g" €

gl e arg max FE [v (y1 +hlx! +8;) |s:]
hle[o,ﬁ]

+E [v (y2 +h = h'+ 8%) |s%] .
Given that ¢! & {o,ﬁ} it follows that

E[xv (y +g'x! +82)|S]
—E[x (y + g% +8)|S‘]=0
and
E[(x1)2 V(6 + gl +e )|s{]
+E[(x ’ ”(y +gx +82)|S%] <0.

The second inequality is false given that v'/ > 0 which is

a contradiction. Therefore, gﬁ € {O l_z}

Finally, given that, for all n, g" € {0 h} and Vg = I,
it must be that the parents choose some 7 for whlch rd =h
such that

ne arg max {E [v (y" + ht" + s;) |s'1’]

—E[v (" +e3) Is]}

Therefore, to complete the proof, it suffices to show that,
for all n,

{E[v(y"+7lx"+eg)|s'l']— [ (y +£)|s]}
is increasing with s}, which I have on the proof
of Proposition 3. n
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