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This article analyzes entry—exit decisions in a market where reputation determines the price that firms
may charge, within a rational-expectation model of competition in a nonatomic market under heterogeneous
reputations. The analysis focuses on the class of name-switching reputational equilibria, in which a firm discards
its name if and only if its reputation falls below the entrants’ reputation. The main technical result is the
existence of a unique steady-state equilibrium within this class, in which the entrants’ reputation is endogenous.
The resulting industry dynamics is largely on agreement with the findings in the empirical literature.

1. INTRODUCTION

It has long been recognized that consumer trust, or reputation, constitutes a valuable—even
determinant—asset to a firm (Tadelis, 1999). Firms with good names are able to charge higher
prices, expand more easily, and live longer. Conversely, a bad name may be an obstacle to firm
survival and expansion (Cabral and Hortacsu, 2010), and, as such, it may be worth changing
(McDevitt, 2011, Wu, 2010).

This article presents a theoretical model of a competitive market in which reputation is the
driving force behind entry, exit, name changing, and pricing decisions. Firms with better repu-
tations charge higher prices; entrants, in turn, are willing to sell below cost with the expectation
that building a reputation will allow them to recover those initial losses. When reputation
matters, free entry has an additional consequence besides keeping prices low; namely, if the
entrants’ reputation is high enough some existing firms may wish to discard their names by
exiting the market and reenter under a new name. The explicit consideration of this option is
the distinctive feature of our analysis.

The model predicts that older firms have stochastically larger reputations than new firms, that
their exit rates are smaller, and their prices higher as well. At the industry-wide level, it predicts
that industries in which ability can be lost more easily will have higher entry-level reputations.
Yet, higher entry-level reputations will not necessarily translate into higher turnover ratios.

The predominant explanation for firm dynamics in the literature is based on technological
shocks. Firms exit either because others drove them out through product and process innovation,
asin the creative destruction hypothesis (see the seminal paper by Hopenhayn, 1992), or because
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of adverse shocks that increased their production costs. Although such shocks are certainly a
key factor in the observed dynamics, some evidence suggests that reputation-driven exit is also
at play. For instance, there is evidence that exit is more likely subsequent to poor consumer
reviews or complaints in some industries (Cabral and Hortacsu, 2010; McDevitt, 2011). The
literature also finds that a significant number of firms of different sizes change their names
instead of leaving the market. As changing names is a strategy aimed at affecting consumer
beliefs instead of controlling costs, the interplay between reputation and firm decisions seems
worth exploring. A reputational theory of industry dynamics must also confront the fact that
there is considerable heterogeneity across industries. McDevitt (2011) finds that about 8% of
residential plumbing services firms in Illinois changed names within one year, whereas Wu
(2010) finds that this frequency is much smaller among CRSP-listed companies: about 0.5% per
year on average in the 1925-2000 period.

To address these issues, we develop an adverse selection model with imperfect public moni-
toring along the lines of Mailath and Samuelson (2001). There are two types of firm: competent
and inept. There is perfect competition in the sense of Gretsky et al. (1999): There is a contin-
uum of price-taking firms and a continuum of consumers, and entry is free. The incumbents’
reputation is the Bayesian update of a common prior given an observed history of (imperfect,
public) signals; the entrants’ reputation ug is also a consistent belief. The equilibrium price
function is increasing in the seller reputation.

In equilibrium, firms exit when their reputations fall below pr. As competent firms obtain
stochastically larger signals than inept firms, their expected present value is higher at each
reputation level. As a result, competent firms always want to participate, either with their old
names or new ones. In the steady state, there may be exit and entry flows even if the industry
as a whole is stagnant. Exit probability is found to depend on firms’ characteristics, like type
and age. In particular, the reputation of competent firms stochastically dominates that of inept
firms, and the reputation of older firms dominates that of younger firms as well. Yet, there is
always heterogeneity both within and between cohorts; in fact, the reputation distributions for
all cohorts have full support.

The entry-level reputation provides an endogenous lower bound on reputations, which is
jointly determined with the steady-state reputation distribution. The support of the reputation
distribution at the trading stage is affected by the entrant’s reputation. Reciprocally, the fraction
of competents among entrants depends on how many competent firms choose to change their
names, which is determined by the reputation distribution. Using a fixed-point argument, we
show that there is a unique pair consisting of a mutually consistent entry-level reputation
and a steady-state reputation distribution. The relationship between the entry-level reputation
and the equilibrium exit rate is nontrivial: A change in a parameter that increases pp may
also shift the reputation distributions such that firms fall below ug less often, reducing the
equilibrium turnover rate. Thus, treating pz and the reputation distribution as exogenous may
be misleading. The endogenization of the entry-level reputation has proven to be important in
other contexts; for instance, Atakan and Ekmekci (2014) and Jullien and Park (2014) find that
entrants’ reputation affects, respectively, the equilibrium assignment in a search market with
bargaining and the equilibrium announcement strategy in a reputation model with pretrade
communication. On the other hand, r emerges as a determinant of the equilibrium price level,
as potential entrants that would enjoy a reputation u g if they enter must be indifferent between
entering or staying out.

Firms are subject to the possibility that their types change exogenously. Our analysis shows
that a key determinant of entrants’ reputation is the type-change probability. Indeed, a smaller
probability that a competent firm becomes inept implies a lower entry-level reputation. The
explanation is purely informational: If competence is more persistent, then the fraction of
competents among entrants is reduced since the likelihood that their histories of signals
are bad enough to motivate an exit from the market is lower, as they have probably been
competent—obtaining larger signals than inept firms in a stochastic sense—for a long period
of time.
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1.1. Related Literature. There is a growing empirical literature on the dynamics of firms
within an industry. Among the most salient patterns that have consistently been found are?: (i)
the presence of sizable entry and exit rates even in industries that are scarcely growing, with
significant heterogeneity across industries; (ii) younger firms are—ceteris paribus—more likely
to exit and also (iii) more likely to charge lower prices; (iv) the probability that a given seller
will exit the market increases as its reputation worsens; and (v) the firms that are more likely to
change names or exit are those with worse or shorter track records.

The theoretical literature has investigated a number of possible explanations for these pat-
terns. One strand asks whether such dynamics might be the result of individual productiv-
ity shocks in a perfectly competitive market for a homogeneous good (the seminal paper of
Hopenhayn, 1992, stands out). A related strand looks at the combination of productivity
shocks and financial frictions (Cooley and Quadrini, 2001; Albuquerque and Hopenhayn, 2004;
Clementi and Hopenhayn, 2006) or labor market frictions (Hopenhayn and Rogerson, 1993).
Although (i) and (ii) are consistent with this view, the law of one price is at odds with (iii). Also,
the empirical concepts of reputation and track records do not have a theoretical counterpart in
this setting. The same is true in Fishman and Rob (2003), in which industry dynamics are driven
by consumer inertia in a context of search costs, and older firms sell more because they have a
larger customer base.

On the other hand, there is a theoretical literature that looks at the creation and maintenance
of firms’ reputations in markets for experience goods (e.g., Klein and Leffler, 1981; Fudenberg
and Levine, 1989; and Mailath and Samuelson, 2001, to name just a few; Mailath and Samuelson,
2006, and Bar-Isaac and Tadelis, 2008, present comprehensive expositions of the literature).
This literature discusses primarily the monopoly case. In spite of this, some papers still manage
to look at entry and exit decisions. For instance, Bar-Isaac (2003) assumes that the firm has
the option to leave the market. When the firm knows its own type, in equilibrium, the high-
quality firm never leaves, whereas the low-quality firm plays a strictly mixed strategy at low
levels of reputation—i.e., below some threshold. The mixed strategy is such that the postexit
reputation of any firm that has crossed the threshold becomes the threshold. Having a strictly
positive probability of exiting, the low-quality type eventually leaves; this implies that there is
complete separation in the long run. Board and Meyer-ter Vehn (2010) extend this analysis
by incorporating moral hazard and the possibility of entry and focus their analysis on the
investment and exit decisions over the life cycle of the firm. In this equilibrium, the entry-level
reputation coincides with the threshold as well.

Within the literature that looks at reputation dynamics in competitive markets, some papers
focus on markets in which the information flow to potential customers is quite limited and
fundamentally different from that to existing customers—namely, private monitoring; Horner
(2002) and Rob and Fishman (2005) stand out. Instead, we want to examine markets where
information—albeit imperfect—flows constantly to potential customers as well; for instance,
the eBay feedback system (Cabral and Hortacsu, 2010) or the complaint record of plumbing
firms (McDevitt, 2011). Indeed, Internet-related technological progress moves an increasing
number of markets into this category by providing means of communication among customers;
one example of this is the role of TripAdvisor, Expedia, etc., in the travel industry.

Tadelis (1999) is one of the first papers to formally analyze competition under imperfect
public monitoring. It presents an adverse-selection model with a continuum of firms. However,
the author focuses on an equilibrium where firms leave the market after one bad outcome;
this means that active firms either do not have any history (they are new) or they must have
impeccable records. Tadelis (2002) develops a similar model, under moral hazard. Although
this kind of model can explain certain stylized facts of industry dynamics, like the differences in
pricing and probability of exit between cohorts, it cannot explain the observed heterogeneity in

2 See Section 7. The empirical literature has also given a great deal of attention to firm growth and firm size. We will
abstract from this issue by assuming that all firms have a capacity constraint of one unit.
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these variables after controlling by age: All firms of the same age must have the same records
and reputation. In particular, it cannot account for observations (iv) and (v) beyond age.

Our article contributes to recent literature on reputation under competition that features
heterogeneous reputations. Some papers do not consider entry (e.g., Vial, 2010), some use
entry-level reputation as an exogenous parameter (e.g., Ordoiiez, 2013), whereas others obtain
it independently from the reputation distributions because of their focus on mixed strategies
(e.g., Atkeson et al., 2015). In our article, entry-level reputation is endogenously determined
and depends only on informational variables; the price function fulfills the market-clearing role.
In contrast, in Bar-Isaac (2003), Board and Meyer-ter Vehn (2010), and Atkeson et al. (2015),
the price function is determined by consumer valuations, and ug adjusts to clear the market,
through a zero-profit condition.

The rest of the article is organized as follows: Section 2 presents the model and
Section 3 introduces the equilibrium concept. Section 4 discusses the existence and unique-
ness of the consistent reputation distribution and entry-level reputation. Section 5 presents
the comparative statics results, whereas Section 6 analyzes the dynamics of the industry in the
steady state. Section 7 discuses robustness and extensions, and Section 8 concludes. All proofs
are contained in the Appendix.

2. THE MODEL

We consider an infinite-horizon model in which, at every stage or date ¢ € N, a market for a
given service opens. A continuum of long-run firms faces an infinite sequence of generations
of nonatomic consumers. Each generation of consumers is of mass 1. In contrast, the mass of
potential firms is 1 + «, with ¥ > 0. Consumers choose whether to buy one unit of the service—
and from which seller—or none at all. Firms may be active at t (i.e., produce one unit) and sell
under their old name (action @ = O) or sell under a new name (a = N), or be inactive, i.e., not
produce at all (a = I). Thus, firms’ action space is A = {O, N, I}.

The service is an experience good as per Nelson (1970): Its quality is ex ante unobservable to
buyers. There are two types of firms, indexed by t € {H, L}. Competent firms (r = H) can only
produce a high-quality service, whereas inept firms (r = L) can only produce a low-quality one.
Types are privately observed—hence, this is a pure adverse selection model.

There is no communication among consumers. Since they only live for one period, the
information each one obtains as a result of consuming the service is not transferred to the
next generation, but lost altogether; nevertheless, an imperfect signal s of the quality provided
becomes publicly available. For an active firm (i.e., a firm that chooses a, € {O, N}) the signal
isr € (0, 1); if a, = I, however, the firm does not provide the service and therefore its signal is
empty (s = #).°

The cdf of signal r for a type-t firm is denoted by F*. We assume that F/ and F’ are
differentiable probability distributions with densities f/ and f’, and that they are mutually
absolutely continuous with common full support in the unit interval; hence, no level of r will
ever be perfectly informative. The likelihood ratio f/(r)/f*(r) is a monotonically increasing
bijection from (0, 1) to (0, co)—hence, invertible.

Consumers can keep track of events through firms’ names: There is perfect recall of signals
and actions only while the firm produces under the same name. The prior public history of a
firm at the beginning of stage ¢ is denoted by &,. After choosing an action a;, the interim public
history becomes

_ (E,, a) ifa, =0,
™ he = {a, ifa, € {N, I}.

3 For instance, if the firm were an eBay seller, r could be the feedback score; if the firms were schools, r could be
the score percentile on a standardized test; if the firms were health care providers, r could be their medical malpractice
track records; if the firms were car makers, r could be consumer reports; and so on.
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Stage 7 begins Trade Stage ¢ ends
Firms’ choice a; Signal s/ Type change
(Public) (Public) (Private)
Prior /y, @, Interim /2, Posterior /1,41, f;4
FIGURE 1

TIMELINE FOR THE DATE-f STAGE

Thus, when a firm keeps its name (a, = O), this action is added to its public history. In contrast,
if a firm either changes its name (a, = N) or chooses inactivity (a, = I), its prior public history
is erased and the interim public history consists solely of this latter action. The addition of the
realization of the signal s; to the interim public history yields the next period’s prior public
history:*

2 EHI = (hs, s).

Types are subject to the possibility of changing exogenously: The probability that a firm of
current type t will be of type 7’ in the next period is denoted by A™ = Pr(z,41 = |, = 7) € (0, 1).
We denote by A the corresponding transition matrix:

)\’HH )\'LH
(3) A= (AHL )LLL)‘

This transition matrix applies to all firms, active or inactive, after the signals become available.
We assume that A7 < AHH and also that « < ¥, where

HL

_ A

This upper bound on « ensures that the mass of (active or inactive) firms that become
competent remains small enough so that the adverse selection problem is nontrivial.

A firm’s reputation is the consumers’ belief about the firm’s type, i.e., the probability that
the firm is competent, conditional on all available information. Consumers have common priors
and observe the same events; hence, they have common beliefs. The prior reputation i, and
the interim reputation u,, respectively, are defined by

7, = Pr(H|h,) and
Pr(H|h,).

Mi

The timeline for each stage is shown in Figure 1. At the beginning of the stage, each firm is
endowed with a type t; and a public history 4, attached to its name. Firms choose actions a; € A,
leading to updated histories 4;. The market opens. After trading, the signals 7, are added to the
public histories of active firms, and the type-change process occurs. The stage ends.

4 Note that the three actions are available after every history; for instance, a firm that was inactive at  — 1 can choose
to keep its name at ¢, yielding /; = (I, ¥, O), or use a new one, yielding i, = (N).
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Let ¢ > 0 be the production cost. A firm that sells at a price p, receives a profit of (p, — ¢) at
t, and zero if it does not sell. Then, the flow payoff is

(5) (Pe — ) ia 2,

where 1y, is the indicator function that takes the value 1 if and only if the firm chooses to
be active at ¢. Firms maximize the sum of expected discounted payoffs, with discount factor
3€(0,1).

A consumer who buys at a price p from a firm with reputation u gets an expected payoff of

(6) pu'" + (1= pyu" —p,

where u’ is the utility of consuming a high-quality service and u’ a low-quality service. A
consumer who does not buy gets a payoff of zero. We assume that u”’ > u’ > ¢ > 0.

3.  EQUILIBRIUM DEFINITION

We focus on steady-state equilibria since our goal is to study the dynamics of industries that
are neither growing nor shrinking.

The state variables for a firm include its prior reputation and its current type, as they may
affect the current price and the expectation of future prices. We restrict attention to stationary
symmetric Markov strategies, of which these are the only state variables. Therefore, we require
that the strategy of all firms of a given type t with histories that lead to the same prior reputation
7t are identical. The state space is denoted by Q = U x {H, L}, where U C [0, 1] denotes the set
of prior reputations.

We consider a competitive market in the sense of Gretsky et al. (1999): Entry is free, and all
consumers and firms are price takers. A firm with interim reputation w is unable to (favorably)
influence the price, as it faces competition from other firms with the same or arbitrarily close
reputations. The market price for a service provided by a firm with reputation p is denoted
by p(u), thus defining a function p : U — R, where U C [0, 1] denotes the set of interim
reputations. Since all consumers are identical, they must be indifferent among all (active)
providers; from Equation (6), consumer indifference is obtained if

(7) dI;ELM) =ull —ut.

This defines the equilibrium price function p (1), up to a constant pg,i.e., p(u) = po + (' —
u"). On the other hand, free entry implies an indifference condition for a mass « of potential
entrants, namely, that the sum of expected discounted payoffs from being active or inactive be
the same. This condition determines the equilibrium p.

The firm’s behavior strategy is a map o : © — A(A), where A(A) is the set of probability
distributions over A. In turn, the maximum sum of expected discounted payoffs is the firm’s
value function v : @ — R

After the firm chooses an action a € A, its prior public history will be updated according to
Equation (1), and its prior reputation 7z, will be updated to i, = ¢(7,|a;), where ¢ : U x A — U.
As consumers do not distinguish among entrants with new names (i.e., those who chose a, = N),
they will have the same interim reputation u g, which is also constant over time. Given an interim
reputation yu, and a signal realization s,, the posterior probability that the firm is competent is
denoted by @(s,|s;), where @ : U x ((0,1) U@) — U. Under these beliefs, the maximization of
expected, discounted lifetime profits in recursive form are associated with the following Bellman
equation:

5 To save on notation, we will not explicitly refer to consumers’ strategies, as consumers are homogeneous and will
always buy in equilibrium.
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®) vmro= {(Go +on)(po — ¢) + (u"" — u")(00¢(7E|0) + ong(EIN))

max
aeA(A)

Y A( | [ror @taoNn. ) + avei@e@min. )]
}

1
velH,L 0

+ orv(@(p(rll)|9). T')) }

where o, denotes the probability that the firm chooses action a, with )", 0, = 1. The resulting
policy function is denoted by o,(i, ) = Pr(a|, 7).

Although firms may have heterogeneous and ever-changing reputations, in the steady state,
the reputation distribution is constant over time. G denotes the cdf of prior reputations of active
firms at the beginning of each stage; 77" denotes the mass of type-t firms in that group. Similarly,
G denotes the cdf of interim reputations of active firms and m* the corresponding mass of type-t
firms. Thus, G and G differ because some incumbents choose to exit and some to reenter and
some inactive firms decide to enter.

In equilibrium, firms maximize their discounted expected profits, the market clears, con-
sumers’ expectations are correct and satisfy Bayes’ rule whenever possible, and the population
distributions of firms’ reputations are constant over time.

DerFiniTION 1 (EQUILIBRIA). An equilibrium is a strategy ¢*, a price function p, and a belief
system (¢, ¢) with corresponding distributions (G, G) such that:

(i) Optimality: o™ : 2 — A(A) is the policy function associated with Equation (8);
(ii) Market clearing: The mass of active firms equals the mass of consumers: m’’ +m! = 1;
(ili) Consistency of beliefs: Firms’ reputations are derived from ¢* using Bayes’ rule whenever
possible;
(iv) Steady state: The reputation distributions of active firms G and G and the entrants’
reputation are constant over time.

Asis common in this kind of models, many equilibria may exist, supported by different beliefs.
We focus on the class of reputational name-switching equilibria in which the entrants’ reputation
acts as a “reservation reputation”: Firms with reputations above pr keep their names, whereas
any firm whose reputation falls below £ switches its name.

DEFINITION 2 (NAME-SWITCHING EQUILIBRIA). An equilibrium where firms use the following
strategy o™ (t, 7) is called name-switching equilibrium:

(010) ifw<ug AN t=~H,
9)  (oH(m. 1) on(m, 1) oj (1)) =1 (061—§) ifw<ug A1=1L,
(100) ifw>ug A (t=H v t=1),

for some & € (0, 1) and for some ug € [0, 1].

In this equilibrium, class competent firms always produce, as do inept firms with prior repu-
tation above pg. Active firms sell under their old names if and only if their prior reputations are
above pg. Inept firms with prior reputation below ur are indifferent between being active or
inactive; they produce under a new name with probability & and stay inactive with probability
1 — & Observe that if uz is higher than A%, there will be entry and exit flows in equilibrium; if,
on the other hand, . is lower than A a positive mass of firms will keep their names, giving
thus rise to a nontrivial industry dynamics. The next section shows that this is indeed the case.
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4. EQUILIBRIUM CHARACTERIZATION
4.1. Belief Updating. Bayesian updating conditioning on a and u yields

Oy (ﬁ? H)ﬁ

(0 P = G G HY i+ oa (2 D~ )

whenever o,(x, ) > 0 for some 7 € {H, L}. When & > ug, both types are expected to keep
their names (a = O) so that the action is uninformative. On the other hand, a = O is a zero-
probability event when 7t < p; in this case, we assume that such off-equilibrium move is also
uninformative:

(11) p(I0) =1 VueU.

When a € {N, I}, h becomes unobservable, so that conditioning on w is not possible. In this
case, consistency of beliefs requires that the interim reputation for firms choosing each action
be equal to the fraction of competent firms in that group (if nonempty), given o*. Thus, the
entrants’ reputation (| N) satisfies

—H~ H )“LH
(12) ME:m G(lﬁﬂ )+ A"k
G (nE)

whenever G(uur) > 0. In fact, in the steady state, the mass of entrants (i.e., new names) is equal
to the mass of firms that exit (i.e., the mass of lost names G(j.r)); the competent “entrants,” in
turn, are the inactive firms that become competent (with mass A/«) plus the competents that
exited in order to change their names (with mass 77/ G(u | H)). Similarly, the interim reputation
of inactive firms ¢(7z|7) is null, as no competent chooses this action.

Hence, there are two cases in which the interim reputation would differ from the prior: Either
the name changed or the action is perfectly revealing.

Summarizing, the interim reputation is given by

n  ifa=0,
(13) p(rla) = {ue ifa=N,
0 ifa=1.

After a signal r € (0, 1) is realized, the interim reputation of an active firm is updated to

FHI(r)u
AN+ L) (1 —p)’

(14) @ (ulr) =AM 4 (G — ) EH)

which amounts to Bayes’ rule upon consideration of the possibility of type change. Since £ and
fF have full support, Equation (14) is well defined for all u € [0, 1] and r € (0, 1). Notice that
the assumption that (A" — AL11) > ( implies that the posterior reputation is strictly increasing
in the interim reputation.

Regarding inactive firms, Bayes’ rule requires their posterior reputation to be

(15) P (ul9) = 2,

as they are subject to the same type change process.

As the likelihood ratio f/(r)/f%(r) is a monotonically increasing bijection from (0, 1) to
(0, 00), it follows that the range of prior reputations is U = [A/, A//'], and the range of interim
reputations is U = [A7, AH] U {0, ).
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Consistency of beliefs also requires that the mean prior and the mean interim reputation of
active firms are 72’7 and m', respectively. Moreover, for any x € U, the probability of being
competent conditional on the firm’s prior reputation being x is exactly x. If the reputation
distributions are absolutely continuous, this translates into

— H— H
16 g (1H) _

8 (x)
where g(-|7) denotes the pdf of prior reputations conditional on current type , and g(-) denotes
the unconditional pdf.

4.2. Optimality and Market Clearing in Steady State. We now turn to requirements i and ii.
Given the equilibrium beliefs, the value function in Equation (8) is given by

D e(Eo = mx {(UO T on)(po — &) + (! — u") (ool + owir)

1
v 3 ([ toor @i o) + ov@tuetn). y1ar

velH L

+ oA f')))}

for a firm of prior reputation 7 and current type . The flow payoff (oo + on)(po — ¢) + (u'’ —
u")(oom + onug) and the law of motion @ are continuous and nondecreasing functions in 7.
On the other hand, the signal for a competent firm first-order stochastically dominates that of
an inept one. It follows that the value function is nondecreasing in iz for both types, and that the
value for the competent type is larger than the value for an inept type at any reputation level.®

The fact that the value function is nondecreasing in & implies that any firm with prior
reputation below i x that chooses to produce will sell under a new name; hence, o7,(1x, ) = 0 is
indeed optimal if & < ug.

On the other hand, as v(ix, H) > v(i, L), it follows that market clearing (Requirement ii)
amounts to an indifference condition that is binding only for inept entrants, namely,

(18) v(pe, L) = 8\ o(pe. L) + A v(ue, H)).

This condition says that entering today gives an inept firm the same payoff as waiting one
period, in which with probability A*" it will face the same situation, whereas with probability
AEH it will face it as a competent firm. As the flow payoff of an active firm is linear in p( and
considering that competent firms are always active while inept firms are not, for each cost level
¢ € Ry, there will be one p( € R such that Equation (18) holds. As a consequence, the policy
function in Equation (9) is indeed optimal (Requirement i).

The levels of m’ and m’ are determined by the firms’ strategies and the market clearing
condition (Requirement ii), taking into account the type-change process. The type-change
process applied to active firms yields

o (7)< (2 ) (.

6 Let A be the set of bounded, continuous, nondecreasing functions that map R? into R, endowed with the sup norm.
Let us associate type 7 = L to the number 0 and type T = H to 1. Then, the Bellman operator maps N into A, and as
N is a closed subset of the set of continuous and bounded functions, its unique fixed point v also lies in this set. (See,
for instance, Theorem 1.6, Lemma 1.8, and Lemma 1.10 in Chapter 12 of De la Fuente, 2000).
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538 VIAL AND ZURITA

The same transition matrix A applies to inactive firms; hence, after the mass of A7k of
inactive firms that become competent enters the market, with the corresponding exit of an
equal mass of inept firms, we obtain

()= () ()

Solving for m and taking into account that m' + m" = 1, we obtain

)\’LU

H __
(21) m- = ALH 4 ) HL

(1 +«).

The upper bound on « in Equation (4) implies that m!’ < A"". As consistency of beliefs
implies that m'’ is the mean interim reputation, this assumption rules out the case in which all
firms change their names at all times.

After all inept firms with & < g leave the market, the mass of inept potential entrants is
m-G(ug|L) + A" k. Since the mass of inept firms with @ > ug is m“(1 — G(ug|L)), then the
equilibrium behavior strategy & for inept firms under the threshold p gz must satisfy

g(m"G(uelL) + A"ie) + mt (1 — G(ug|L)) = m*.
Rearranging and using Equation (20), we get

mtG(ug|L) — Ak
it G(ug|L) + ALl

(22) £=

4.3. Distributions and Entrants’ Reputation in Steady State. Let 7(x, ) denote the signal that
a firm with interim reputation u needs to obtain a posterior reputation x and fi(x, r) denote
the interim reputation that a firm requires to get a posterior reputation x after a signal r. Both
functions are defined implicitly by

(23) x =p(ulF(x, n)) and

(24) x = g(i(x, r)lr),

where @ is defined by Equation (14). Let y™ = W’:’—;kff/ denote the fraction of type-t’ firms at
the beginning of any particular period that were type-t in the previous period. We know that
Y ey v =1and y > yHL The prior reputation distribution for current type-t’ firms is
a mixture of the posterior reputation distributions for previously type-H and type-L firms,
where ¥/ and y'* are the corresponding mixture weights. Thus, the steady-state conditional
distributions of prior and interim reputations for active firms satisfy

G@IH)\ _ (V™ M\ [ 75 G (u(x, r)|H) dF?
- (C_?(XIL)> B (VHL VLL) <f0§("”‘E>G(/1(x, AILydF: ]

Equation (25) shows the prior reputation distributions of competent and inept active firms,
respectively, as a function of the previous period’s interim reputation distributions. From each
particular group of firms, the firms with reputation smaller than or equal to x are those that in the
previous period had an interim reputation no greater than ji(x, r) whose signal realization was
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r; the measure of the group that originally was type-t is [; (. ) G(fu(x, r)|t)dF". The integrals
go from 0 to 7(x, ug) because a signal higher than 7(x, ug) is required to reach a reputation x
today only if the interim reputation was smaller than pg.

In turn, the distributions of interim reputations conditional on type t are given by

0 ifx < ug,
(206) Gxlr) = { mL ((mf —m") +n_115(x|r)) ifx > pg.

The interim distributions in Equation (26) take into consideration the strategy ¢* and hence
differ from the prior distributions in two respects: (i) the entry of a mass A/« of inactive firms
that become competent, which replaces an equal mass of inept firms, and (ii) the changing of
names by firms with priors lower than px that remain active.

The next theorem establishes that there is a unique consistent tuple of steady-state conditional
distributions for active firms and entry-level reputation.

TueOREM 1. There is a unique tuple (ug, G(-|H), G(-|L)) of entry-level reputation and steady-
state reputation distributions for active firms that jointly satisfy Equations (25) and (26), and such
that g satisfies Equation (12). The reputation distributions are absolutely continuous, with sup-
port [\ APH] for the prior reputation distributions G(-|t) and [ug, X" for the interim reputa-
tion distributions G(-|t) and np € (W1, m').

Theorem 1 asserts that the steady-state reputation distributions and the entry-level reputation
are uniquely determined. Uniqueness is not only computationally useful but economically
significant, as it implies that the level of p that solves the free-entry condition in Equation (18)
is also uniquely determined. Therefore, the equilibrium is unique in its class.

A sketch of the proof is as follows: First, think of wgr as a parameter. Replacing
Equation (26) in Equation (25), we see that the pair of prior distributions (G(-|H), G(:|L))
is the fixed point of an operator. Theorem 1 establishes the existence and uniqueness of this
fixed point that depends continuously on u g and also on the parameters of the transition matrix
A and on «. The limiting distributions are absolutely continuous; hence, Equation (16) applies.

Now, consider a fixed pair of reputation distributions for competent and inept firms. The
fraction of competent firms among entrants is given by the right-hand side of Equation (12),
which we define as the function v : (A, A — [0, 00):

—H LH
27) bx) = m G(x|_H) + A k.
G(x)

Thus, Equation (12) says that any consistent entry-level reputation pr is a fixed point of
the function v defined by Equation (27). Such a fixed point exists: The sets {x : x < ¢¥(x)} and
{x : x > ¥(x)} are nonempty and v is continuous.” On the other hand, observe that for any
given cutoff value x, ¥ (x) is the average reputation among entrants, whereas x is the reputation
of the marginal entrants. Then, the average reputation is increasing (respectively, decreasing)
if and only if the marginal reputation is above (respectively, below) it. It follows that ' =0
if and only if x = ¥/ (x), and therefore the fixed point is unique: There is a unique value of ug
at which the cutoff point coincides with the expected fraction of competents in the group of
entrants. This is illustrated with a numerical example in Figure 2.

7In fact, the function ¥ (x) is constructed under the assumption that firms change their names if and only if
their reputation falls below the cutoff x and all competents enter. Consider the value x* e (A\1H, AHH) that satisfies
mG(x*|L) = A ; in that case, all entrants are competent and their reputation is the highest possible: v (x*) = 1, and
therefore x* € {x : x < ¥ (x)}. On the other hand, at x = A/ all firms exit and v (x) = m’ < A#H sothat {x : x > ¥ (x)}
is also nonempty.
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Notes: fH(r) = Be(r|3,2) and f£(r) = Be(r|2, 3). The parameters are AL = 0.075, A1 = 0.025 and « = 1. The result-
ing pg is 0.26.

FIGURE 2

CONSISTENT ENTRY-LEVEL REPUTATION AS A FIXED POINT

Notice that uz must be strictly larger than AL so that a positive mass of firms chooses to

become inactive, making room for the entrants. At the same time, the mean interim reputa-
tion for active firms must be larger than ug, the minimum reputation in the support of the
distribution; as consistency of beliefs implies that this mean reputation is m/, we conclude that
ue € W mlih),

Moreover, Equation (16) implies that g(x|H)/g(x|L) is increasing in x, and thus the ratio
g(x|H)/g(x|L)is also increasing. In other words, consistency of beliefs implies that the monotone
likelihood ratio property—which is assumed for the distributions of signals conditional on
types—extends to the distributions of reputations conditional on types in the population of
active firms. As likelihood ratio dominance implies first-order stochastic dominance, Corollary
1 follows.

CoroLLARY 1 (REPUTATION ACROSS TYPES). The distribution of reputations (both prior and

interim) of competent firms first-order stochastically dominates that of inept firms. Formally, (Vx €
[)\’LH , )\‘HH]),

G(x|H) < G(x|L) and G(x|H) < G(x|L)

with strict inequality in the interior.
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The proof of Theorem 1 goes beyond our previous discussion in that it considers simultane-
ously the consistency of the entry-level reputation uz and the distributions (G(:|H), G(-|L)).
Clearly, u affects the shape of the steady-state distributions: No firm would ever keep its name
should its reputation fall below that threshold, and the interim distributions would have a point
mass at ug every period (namely, the mass of firms that enter).

5. COMPARATIVE STATICS

The parameter A, the probability for an inept firm to become competent, measures the rate
at which competency is acquired—a sort of technical progress or product innovation. In our
model, this rate is exogenous and homogeneous among firms; Section 7 below contains a brief
discussion of endogeneity and heterogeneity. The parameter A", on the other hand, measures
the depreciation rate of this skill.

We are interested in how the rates of competency acquisition and depreciation A/’* and
outside competitive pressure « shape the equilibrium. Not only do the steady-state distributions
depend continuously on them; the entry-level reputation does as well, as Proposition 1 asserts.

)\‘LH

PrOPOSITION 1 (CONTINUOUS DEPENDENCE ON PARAMETERS). The tuple (g, G(-|H), G (-|L))
of entry-level reputation and steady-state reputation distributions depends continuously on the
parameters of the transition matrix A and on k.

As an immediate corollary, the exit rate G(u£) is also continuous on those parameters.

The level of the entrants’ reputation is affected by « and the transition parameters A% and
AE in a nontrivial way, as they affect 7 and m"® differently. In particular, the effects of changes
in AL and ALY over ug are not symmetric: Although A”F only affects the transition matrix in
Equation (19), AL also affects the entry flow of new competent firms in Equation (20). What
is symmetric, however, is that any change in parameters that results in higher values of y/* and
yH! without reducing A“*« implies a higher .

PropPoSITION 2 (COMPARATIVE STATICS). The entry-level reputation g increases after any
change in the parameters of the transition matrix A or «k that results in a increase in the mixture
weights Yyt and y"" without reducing the entry flow of new competent firms A" .

Increasing /" and y*" means that the gap between y// and y'" shortens; therefore, the

prior reputation distributions for competent and inept firms move closer to each other. By this
mechanism, the adverse selection that entrants face is reduced, as the fraction of competent
firms among those below the threshold increases. Hence, provided that A%k is not reduced, an
increase in """ and y*¥ causes ux to increase.

Consider first an increase in A%, which affects only active firms in equilibrium. Intuitively, a
higher A”" implies a higher “depreciation rate” of information, as the weight of older signals
in predicting the current firm type decreases. Histories become less informative about types,
and the mixing weights /L and y*!! are increased; hence, the composition of the pool of
firms changing their names improves. Therefore, the effect of an increase in A" over ug is
unambiguous: The entrants’ reputation increases after an increase in A"“. The same result
obtains if the increase in A/ is compensated, either by a proportional increase in A% or by an
increase in «, so that m remains fixed.

The case of an isolated increase in A is different, however, because this type-change prob-
ability affects not only active firms but also inactive ones. A higher A/ implies a higher m"/,
as active inept firms are more likely to become competent; the effect over m!’ is proportionally
larger, however, because a higher flow of new competent firms is added to 7'? at each period.
This implies that the mixing weight y*/! decreases after an increase in A, so that the sufficient
condition in Proposition 2 is not met.
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and ML = 0.275, AL = 0.225 and « = 1/9 (dotted line), so that m” = 0.5 and 7"/ = 0.475 in both cases. The resulting
wE is 0.26 in the first case and 0.43 in the second one.

FIGURE 3

DISTRIBUTIONS AND ENTRY-LEVEL REPUTATION FOR DIFFERENT COMBINATIONS OF }\,LH, )LHL, AND K. (A) DISTRIBUTIONS
G(it|H) AND G(@|L). (B) FRACTION OF COMPETENTS AMONG ENTRANTS 1/ (/4)
Finally, i increases if A/7" AEH
new competent firms AM7
illustrates this case.
Proposition 3 below summarizes these results.

and jointly increase, whereas k decreases so that the flow of
« does not change, and both m'’ and 7 remain constant. Figure 3

ProrosiTioN 3. The sufficient conditions for an increase in g from Proposition 2 are met in
all the following circumstances:

(1) Anincrease in AL,

(2) A proportional increase in \'" and A1

(3) Anincrease in \'' and « so that m' remains constant.

(4) An increase in M- and A and a reduction in k such that m* and m'! remain constant.

6. INDUSTRY DYNAMICS

We are ready to describe the dynamics of entry, exit, and reputations within the name-
switching reputational equilibrium. Exit occurs when a name was used at some date and not on
the following one. Our focus is on a steady state where the net entry rate is zero. Still, there
is a constant renewal (exit and entry), given by the turnover rate G(ur), i.e., the fraction of
incumbents that leave the market.

6.1. Exit Rates and Turnover. The exit probability is the probability that the firm’s reputation
will fall below the threshold pz. As competent firms’ signals are stochastically larger than inept
firms’, among firms with the same prior reputation 7 the exit rate is lower for competent than
for inept firms.

On the other hand, according to Bayes’ rule, the posterior probability of an event is increasing
in its prior. Consequently, the lower the prior reputation 7z, the higher the exit rate among firms
with the same signal. Moreover, as the likelihood ratio is monotone, the exit rate is higher for
firms with lower signals » among those with the same prior.

a 'z ‘LT0Z ‘YSEZ8IVT

wouy

85US01 7 SUOWWOD dANIERID 3ot jdde 8y Aq pauIsA0b 912 SIPIE VO ‘SN J0 S9N Joj A%iq1T BUIIUQ AB]IAA UO (SUONIPUOD-PUE-SWBIALI0Y A8 1M ATeIq 1 jBul|uD//SdNL) SUORIPUOD pue Swis 1 a1 89S *[9202/60/80] UO AfiqiT8UIUO AS|IM * 311UD 80 ©D1[01eD PEPSBAILN BINUC - DN VM3 T91PWY AQ 922219 1/TTTT 0T/I0p/U0D AS (1M



ENTRANTS’ REPUTATION 543

At the industry level, the exit probability is the turnover rate G(uz). Because the turnover
rate depends on ug and on the population-wide reputation distribution, a larger entry-level
reputation is not necessarily associated with a larger exit probability: An increase in ur means
that each firm will replace its name in a larger set of states, but it will also shift the reputation
distribution, which may make the firm less likely to reach those states where its name is replaced.
The result is ambiguous: The frequency of name changes may increase or decrease.

6.2. Age. Afirm’sagen =0, 1,2,...1s an attribute of its current name, namely, the number
of dates that it has been used in the market. In the steady state, the group of age # is identical to
the group of age 0, n periods into the future. In this sense, studying the cross-sectional variation
(across cohorts) is equivalent to studying the evolution over time of a given cohort.®

All names that were introduced n periods ago make up the cohort n; the prior mass (i.e.,
before exit) of cohort n is denoted by 7, and the interim mass (i.e., after exit) by m,. Let
G(.|t, n) denote the prior reputation distribution of the set of firms of type t and cohort #,
and m;, its mass; similarly, G(.|z, n) and m}, denote the interim reputation distributions and the
cohort’s mass. The corresponding probability density functions of prior and interim reputations
conditional on type t and age n will be denoted by g(.|t, n) and g(.|z, n), respectively.

At any date, a new cohort of mass G(uz) enters. A fraction of them, pz, is competent:
mll = p £G(ug). As all new names carry the same reputation 1z, we have for t € {H, L}

0 ifx < pg,
(28) G(x|t,0) = {1 x> g

As time goes by, in each period, two changes occur: (i) The type-change process shifts the
masses of competent and inept firms within the cohort according to
(29) my = A Tml 4 A mk,
and (ii) the mass of surviving names in each subpopulation t shrinks by a factor of
(1 — G(ng|t, n+ 1)), as those firms that exit are not replaced by other firms from the same
cohort. Hence,

(30) iy = (1= Gluglen + 1)) .

Let y7" = 2 3™ The evolution of the prior reputation distributions in a given cohort at
m, 1y

different ages is given by

(31) (E(XW’” + 1)> _ (yﬁ’” n“’) T G (fx, F)|H, n) dF Y
G(x|L,n+1) )/,?L V,gL for(x,uE) G (7u(x, )| L, n) drl )

For n > 0, the distributions of interim reputations relate to the priors’ as follows:

ifx < ug,

0
(32) G(x|t,n) = {G(xr,n)—G(/tpf,n) if x> .

1-G(uglt,n)

Equation (31) is analogous to Equation (25); the difference is in the mixing weights. In the
population of active firms as a whole, the total mass and the ratio of competent to inept are

constant over time. In contrast, not only is each cohort losing mass over time, but also each type
does so at different rates. Similarly, Equation (32) resembles Equation (26); they differ in that
within each cohort, there is only exiting and no entry.

8 Although firms may remain inactive for some time, when they become active again they do so under a new name
in equilibrium. This is why the age of active firms coincides with the number of consecutive dates of production under
the current name.
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6.2.1. Differences across types. Starting from the interim reputation distribution for new
firms in Equation (28) and applying Equations (31) and (32), it can be shown by induction that
foralln e N,

mig (x|H n)
(33) )

Equation (33) is the analogous to Equation (16) when conditioning on age. Consistency
of beliefs thus implies the monotone likelihood ratio property of the distributions of repu-
tations conditional on types within cohorts, as the likelihood ratios g(x|H, n)/g(x|L, n) and
g(x|H, n)/g(x|L, n) are increasing in x. Proposition 4 follows.

PROPOSITION 4 (REPUTATION ACROSS TYPES BY COHORT). Within each cohort n > 1, the (prior,
interim) reputation of competent firms first-order stochastically dominates the (prior, interim) rep-
utation of inept firms. Formally, (Vn € N)(Vx € [ALH, AHH]),

G(x|H, n) < G(x|L, n) and G(x|H,n) < G(x|L, n),
with strict inequality in the interior.

In view of the linear connection between prices and interim reputations and the connection
between exit rates and prior distributions, Proposition 4 implies the following.

CoROLLARY 2. Competent firms charge higher prices (in a stochastic sense) and exit less often
than inept firms, both within each cohort and throughout the population.

6.2.2. Differences across cohorts. Clearly, the interim reputation of older cohorts first-order
stochastically dominates that of the cohort of age 0. As the equilibrium price is a linear function
of the firms’ interim reputation, the price distributions inherit the properties of the interim rep-
utation distributions. In particular, the price that older cohorts charge first-order stochastically
dominates that of entrants.

On the other hand, the exit (or name-switching) decision is made in response to the prior
reputation. The next proposition shows that the prior reputation of older cohorts also first-order
stochastically dominates that of age 1, which implies that the exit probability of older firms is
smaller.

ProrosiTiON 5 (REPUTATION ACROSS COHORTS). The prior reputation of firms of age 1 is first-
order stochastically dominated by the prior reputation of firms of any older cohort, both condi-
tional and unconditional on types. Formally, (Y¥n € N)(Vx e [AF1, AHH]):

G(x|t,n) < G(x|t, 1) and G(x|n) < G(x|1),
with strict inequality in the interior for n > 1.

Again, the connection between the prior distribution and the exit rate implies the following.

CoRroOLLARY 3. Older firms exit less often than firms of age 1, both conditioning and not con-
ditioning on type.

Figure 4 shows the family of prior reputation distributions by cohorts in a numerical example
where older firms (i.e., names) have stochastically better reputations than younger ones. This
means that exit rates are monotonically decreasing in age, and the price distributions are also
ordered by first-order stochastic dominance.
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FIGURE 4

REPUTATION DISTRIBUTIONS FOR DIFFERENT AGES, G(M‘n)

6.3. Relation to Empirical Literature. The empirical literature on industry dynamics finds
considerable heterogeneity among industries in terms of entry and exit rates. Typically, gross
entry and exit rates are similar within an industry (Dunne et al., 1988). The focus on the steady
state is thus particularly suitable for analyzing those industries.

The analysis in Section 6.1 suggests that heterogeneity among firms within an industry should
also be expected: The exit probability is higher for names with worse reputations and/or worse
signals. The empirical literature is consistent with these predictions: Cabral and Hortacsu (2010),
in a study of eBay auctions, find that the probability that a name exits the market increases as
its reputation declines (as defined by eBay’s reputation mechanism.) In turn, McDevitt (2011)
studies the plumbing services market in Illinois and finds that, all else being equal, the firms
more likely to change names or withdraw are those with worse track records—a variable that
resembles the history of public signals in our model.

The analysis also shows that inept firms are more likely to leave the market than competent
ones. Although types are unobservable to the econometrician, this proposition has testable
implications: As the exit process is biased toward inept firms, older firms have (stochastically)
larger reputations than younger firms, as Proposition 5 asserts. Moreover, since firms with
better reputations charge higher prices, this implies that older firms charge (stochastically)
larger prices. These predictions are also consistent with the empirical literature, which finds
systematic differences between firms of different ages: In Foster et al. (2008), younger firms are
more likely to exit, and charge lower prices, than older firms. In the same vein, in McDevitt
(2011), the exit probability is monotonically decreasing with age. Moreover, while these studies
find a strong positive relation between survival and age, quality may explain the apparent
correlation between those variables (Thompson, 2005).

In view of these findings, one would expect a selected sample of old, highly reputable firms to
change names at a low rate; this is precisely what Wu (2010) finds when examining CRSP-listed
companies. Correspondingly, an unbiased sample of firms within an industry should exhibit a
(perhaps considerably) higher incidence of name switching, just as McDevitt (2011) finds in the
Illinois plumbing-service industry.
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The previous discussion suggests that a reputation-based model can be very helpful in im-
proving our understanding of industry dynamics.

7.  DISCUSSION

The model developed in this article is almost as simple as possible within the class of dynamic
adverse selection models: There are two types, all long-run players use the same behavior strat-
egy o*—which depends on the simplest state space—and the attention is centered on the steady
state. Imperfect public monitoring coupled with a type-change process results in a market with
a continuum of firms with different reputations charging different prices. Reputation hetero-
geneity is limited by strategic exit and entry: Firms have the option to reset their reputations by
exiting the market and reentering under a new name.

Many features of the model may be amended without essential effects on the equilibrium
dynamics.

Moral hazard. Probably, the foremost real-world issue that was left aside is moral hazard.
However, the dynamics studied here under the assumption that competent firms can only
provide high quality are the same as those of a model where competent firms choose to do so.
The conditions under which they do are studied in Vial and Zurita (2013) in a similar setting.

Long-lived consumers. In many real-world examples—some of which the cited literature
describes—consumers purchase more than once. If long-lived consumers accumulate private
information based on their experiences with suppliers, the belief homogeneity exploited in this
article breaks down, opening up the possibility of relationship building. What is crucial to the
results in a setting with a continuum of buyers and sellers, however, is the type of monitoring
instead of the repeated interaction between them. For instance, in Mailath and Samuelson
(2001), consumers are long-lived, but monitoring remains public.” Thus, our model can be
interpreted as one with long-lived consumers and public monitoring as well.

Type change versus replacement. The effect of the type change process in our model is to
permanently “replenish” the uncertainty about types, i.e., to put tighter upper and lower bounds
on reputations. We could instead consider an exogenous replacement process with the same
effect.!’ By the replacement process, any name can pass from an old firm to a new one. Let us
define A and 6 so that A%7 = A0 and A"F = A(1 — 0), whereas AL + AfL = ). Then, A could be
interpreted as the probability that an active firm is replaced (i.e., dies); if this event occurs, the
name of the old firm is (randomly) assigned to a new competent firm with probability 6 € (0, 1)
and to a new inept firm with probability 1 — 6. As the consequence of replacements and type
changes are identical from the consumer’s point of view, the interim reputation would still be
updated according to Bayes’ rule in Equation (14). So, if the prior is updated according to
Equation (13), the value function for a firm of prior reputation & and type t would instead be
given by

v(L.7) = max {<oo T ow)(po — &) + (' — uP) (oo + owir)
aeA(A)

1
Fa(1- x)( [ {o00 @G ) + oxu(@lueein. O + o1 r))) }

9 They assume that the ex post utility is the signal itself. If so, * would be the expected value of the signal conditional
on the quality that a type-t seller provides, i.e., u!l = /01 rdF™ and ul = jbl rdF*. The condition u!! > u® would follow
from stochastic dominance.

10 We consider exogenous replacements. In contrast, Tadelis (1999) and Mailath and Samuelson (2001) study the
possibility of trading names when this trading is unobservable to consumers, whereas Wang (2011) and Hakenes and
Peitz (2007) look at the observable trading case. Board and Meyer-ter Vehn (2013) and Dilmé (2012) consider the
possibility of choosing types.
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The policy functions, however, would not be affected: The strategy in Equation (9) is still
optimal given consumers’ beliefs if p is such that v(ug, L) = 0. Moreover, as reputations and
age are associated with a name and not with the identity of the firms that carry that name at
different stages, the industry dynamics would not be affected. The only element of the name-
switching equilibrium that would be affected is the price function: The (unique) level of p, that
solves the free-entry condition v(ug, L) = 0 would be lower under the type-changing process
than under the replacement process, as firms have the option to continue operating after a type
change.

Quality cost differentials. In our model, competent firms unambiguously profit more than
inept firms of the same reputation. This follows from the monotone likelihood ratio property and
the assumption that competent and inept firms have the same production cost. This assumption
ensures that competent firms strictly prefer to enter when inept firms are merely indifferent,
resulting in a pool of entrants that is better than the pool of exiting firms. Instead, we could
assume that competent firms have higher costs than inept ones, as long as the advantage of
having an easier road to higher reputations that the monotone likelihood ratio property entails
outweighs the cost differential.

The model showed the importance of the entry-level reputation as an equilibrating variable
of the market. This message is likely to extend to other environments. Further interesting
extensions include the following.

Differences between active and inactive firms. In our model, both active and inactive firms are
subject to the same type-change process. Let AL denote the type-change probability induced
by action a. There may be examples where the probability of becoming competent is different
between active and inactive firms: Ab’}’\, # AH1. Aninteresting case occurs when the competency-
acquisition rate is positive only among active firms: A5, > 0 and A/ = 0. In that case, the
adverse selection problem that entrants face is so acute that there are neither entry nor exit
flows in equilibrium. This is due to the fact that the only competent entrants would be firms
with bad histories that decided to discard their names because their prior reputation was lower
than p g, but consistency requires that the entrants’ reputation be the mean prior reputation in
that group—a contradiction. Then, the group of entrants must be empty. In other words, names
with a poor reputation are replaced by new names if and only if A% > 0, as firms with poor
reputation gain from pooling as new entrants with new competents. Although two industries
with the same m!’ would not differ in terms of the mean reputation of trading firms, their exit
and entry flows would be completely different if AX/" > 0 in the first industry and A-¥ = 0 in the
second one.

Endogenous types. A natural extension is giving firms the possibility of investing, or paying
a cost, to become competent prior to entry, as in Atkeson et al. (2015). The fact that competent
firms have an advantage over inept firms would generate a willingness to pay for an increased
probability of becoming competent. The (endogenized) 15 should adjust until the marginal
firm is indifferent between investing or not. The adjustment would occur through the influence
of A1 on the entry-level reputation and its effect on the payoff advantage of competent firms.
Therefore, given equal production costs for both types of firms, A/# > 0 would be an equilibrium
outcome instead of an assumption.

Furthermore, the type-change process may also be endogenized by enabling incumbent firms
to invest, as in Board and Meyer-ter Vehn (2013): Firms may pay a cost to increase the prob-
ability of becoming competent in the next stage, Aé%. If most of the information that fosters
innovative activity comes from outside the market, new firms would have an advantage over
incumbent firms in acquiring competence; in contrast, if the main source of this information is
nontransferable experience in the market, the advantage would reverse.!!

Entry or name-switching costs. Another interesting extension would be to consider an entry
cost. If it were a sunk cost, it would create a wedge between the entry-level and exit-level
reputations, as the value of entering would be smaller than the value of staying in the market,

' See Chapter 3 in Audretsch (1995).
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all else being equal. This would affect the turnover rate and the age distribution of firms, as the
incentive for switching names would be reduced. The equilibrium price level would depend on
the magnitude of the entry cost, as the free entry condition is binding for inept firms paying
this cost. With moral hazard, this would also have implications for efficiency, as discussed by
Atkeson et al. (2015) and Garcia-Fontes and Hopenhayn (2000). A similar wedge would emerge
if erasing the history (by changing names in our model) were costly (or risky); moreover, as the
entry-level reputation is larger than the exit-level reputation, all entrants choose a new name in
equilibrium. Thus, an entry cost is equivalent to a name-switching cost.

8. CONCLUSIONS

We presented a reputation model where industry dynamics is driven by the stochastic move-
ment of firms’ reputations along with an option to change names. The constant renewal of names
of disgraced firms is prevalent in markets where identities can be changed or concealed at low
cost; for instance, we observe this with some Internet trading sites offering services such as home
repair and maintenance and with brick-and-mortar industries such as restaurants. Through a
simple name-switching policy, the model rationalizes important features present in the data,
like the positive correlation of reputation and price with age, and the negative correlation of
reputation with exit.

Beyond matching empirical findings, the model yields insight into the role of the different
forces shaping the equilibrium within a complex causality network. The preference parameters
(consumers’ valuations and firms’ discount factor and production costs) directly affect play-
ers’ choices and, through them, the equilibrium assignment and price function. For a given
strategy profile, the informational variables (the distribution of signals conditional on types,
the parameters of the type-change process, and the outside competitive pressure) determine
consumer beliefs. Still, the type-change process and the outside competitive pressure are not
merely informational variables, as they determine the composition of firms in the population.
Since the price function solves a free-entry condition that is binding for marginal entrants, it
depends on the informational variables: Although the entrants’ reputation affects their flow
payoff, the expectation of future payoffs that stem from their subsequent reputations affect
their continuation payoffs.

The entrants’ reputation emerges as a key equilibrium variable that determines the name-
switching rate and therefore, the whole industry dynamics. The effect of the parameters of the
transition process and the outside competitive pressure over the entry-level reputation is shown
to depend crucially on its effect over the fraction of firms of a given type that were of the same
type in the previous period: The lower this fraction, the closer to each other are the distributions
for competent and inept firms and the better the composition of the pool of name-switching firms
is. Hence, industry dynamics are driven by the endogenous name-switching process, whereas
this is, in turn, determined by the exogenous type-change process.

Although the results are obtained under a variety of simplifying assumptions, they are likely
to be robust to the consideration of important phenomena like moral hazard or differences
in competency acquisition and depreciation rates between active and inactive firms. Still, the
analysis points toward many interesting questions for future research.

APPENDIX

A.l. Proof of Theorem 1. We proceed in two steps. First, the entry-level reputation is as-
sumed to be an exogenous parameter y € (0, Af'). Under this assumption, Lemma 1 shows that
there is a unique steady-state distribution pair for competent and inept firms.

Second, the entry-level reputation y is endogenized by requiring it to be consistent: y = ur.
Indeed, consistency implies that the fraction of competent firms among active firms with a given
reputation u is precisely u, and similarly, that the fraction of competent firms among entrants (if
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any) is precisely uz. Lemma 2 shows that there is at least one consistent entry-level reputation
e, whereas Lemma 3 shows that this entry-level reputation is unique.
Consider the system of integral equations defined by

G (H)\ _ (7™ yMN (75 G (. ) H) dF Y
(A1) <6,+1(x|L)> B <J/HL LL) ( [T G, (Rulx, r)| L) dF -
and
0 ifx <y,
(AZ) GI(X|T) = { L ((m r) +n—116[(x|t)) if x > y.

Replacing Equation (A.2) in Equation (A.1) and rearranging, we get

Goo1 (x| H) B —ia \ (FE((x,y))
(&) (G,ﬁl(xw)) “’”(% —%)(F%r(xy»)

N W ([TEDG (i(x, )| H) dF ‘
AL m )LLL fO’(X o G, (M(x’ }’)|L) dFL

mL

Alternatively, the change of variables u = ji(x, r) and r = 7(x, 1) (as defined in Equations (24)
and (23)) inside the integral in Equation (A.3) allows it to be written as

Gy (x| H) L =i\ (FH(F(x,y))
Ao (Gt )= (”* —,j—’) (Fefe)
~ WHH )\LHm f G, (M|H)fH (r(x M)) 0’(16 M)
ML [ G (uIL) £* (7 (x. ) a'g‘,x”d

Define the right-hand side of Equation (A.3) (or alternatively, that of Equation (A.4)) as an
operator T in the set of pairs of continuous and normalized functions (G(-|H), G(-|L)) endowed
with the following metric:'?

p((G(-|H), G(-|L)), (G (-|H), G (-|L))) = max{po(G(-|H), G (-|H)), pss(G(-IL), G (-|L))},
where

< (G, G (D) = sup  |Gln) -G (o)

xe[ALH )HH]

for r € {H, L}. The supremum is taken over x € [AL#, A#H] since the domains of G and G are
always contained in this interval.

Note that Equations (A.1) and (A.2) coincide with (25) and (26), respectively, in the steady
state. As a consequence, the steady-state reputation distributions G(-|H) and G(-|L) described
in Equations (25) and (26) are a fixed point of 7. Since 7" depends parametrically on y, so do
G(-|H) and G(-|L).

12 A5 ?(ALH,y)f 0, FOHH vy =1, p(At ) r) =0, and 2O ) = 1, if the functions G(-|7) for T € {H, L} are
normalized, then G, (-|7) are also normalized; i.e., G. 1 (A7 |7) = 0 and G, (A7) = 1.
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We start by establishing the following lemma.
LemmA 1. The operator T has a unique fixed point.

Proor. Notice that there are no firms with reputation either below y or above A after
entry—exit decisions are made, and that:

(1) @(x,7(x,y)) = y; this is to say, the previous reputation of a firm that obtained a signal
7(x, y) that changed its reputation from y to x was y;

(2) p(x,r) <y < r> ¥F(x,y): Those firms with a reputation x today and who had a reputation
lower than y in the previous period are those that obtained signals of at least 7(x, y); and

(3) fu(x,r) > A & r < #(x, AF): Those firms that had a higher reputation than A/’ in the
previous period and have a reputation x today are those with signals lower than #(x, A /7).

Using these facts, the distance between G,1(-|z) and (_?; 4+1(-|7) can be shown to be bounded
as follows:

pre (Giea (10, Gy (10) = 8- 0 ((GiC1H). GCIL)) L (G IH). GCIL) ) )

where g € (0, 1) is defined by

B = max { sup  (F™(F(x,y)) — F™ (F(x, 2""))) ,

X€E[ALH \HH]

wp (7)) - L (s AHH»)} |

xe[)\l/ll’}hllll]
It follows that
p((Grs1(1H), Ges1 (-IL)), (G, (1H), G,y CIL))) < Bp((Gi(-1H), G(IL)), (G,(-1H), G,(-IL))),

i.e., T is a contraction mapping with modulus B.

On the other hand, the set of continuous, bounded real functions endowed with the sup norm
is complete. Moreover, the subset of normalized functions is closed,® and thereby complete.
Then, by Banach’s fixed point theorem, 7" has a unique fixed point, which is a pair of continuous
and normalized functions.

If y is consistent, G(x|H) and G(x|L) are increasing functions because G(x|H) and G(x|L) are
nonnegative in the whole domain, whereas 7(x, y) is increasing in x. Thus, G(x|H) and G(x|L)
are not only normalized and continuous but also increasing. In other words, they are distribution
functions. [

The prior reputation distributions G(-|t) have support [A*, A/"] because the likelihood ratio
is onto; consequently, the interim reputation distributions G(-|t) have support [z, A77]. All
reputation distributions are absolutely continuous because the signal distributions are. Hence,
Equation (16) applies. The parameter y affects the operator T and therefore affects both
the contraction modulus and the limiting distributions. Moreover, the limiting distributions are
continuous in y, as they are the fixed point of a contraction.!* Similarly, the limiting distributions
also depend continuously on the parameters « and A™ for 7, T’ € {H, L}. We write T* and G (x]7)
or T and C‘y’a(xh) to emphasize the dependence of the operator and its fixed point in the
cutoff level y or in any other parameter « when necessary.

13 See Lemma 1 in Vial (2010) for a proof.
14 See De la Fuente (2000), Chapter 2, Theorem 7.18.
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We now endogenize the entry-level reputation y. Consider the function y : (ALH, A1) —
[0, 00) defined in Equation (27). Any consistent entry-level reputation must be a fixed point of
¥ (see Equation (12)). When taking into consideration the dependence of the distributions on
v, ¥ should be written as

_ m'G (x|H) + 1Mk
(A-3) vexy) = "G (x|H) + "G (x|L)
Define the function
(A.6) d(n) = ¥ (u, 1)

for u e (AF, XM, A consistent entry-level reputation satisfies g = ¥ (ug, y) for given distri-
butions; now we need to verify that those distributions were generated by the same entry-level
reputation: y = ug. In other words, we need to prove that ¢(u) has a unique fixed point. We
begin by observing Lemma 2.

LeEmMA 2. ¢ has at least one fixed point.

Proor. The function f(u) = G (u|L) is continuous, with f (A“) = 0 and f (A/") = 1. Then,
by the intermediate value theorem, there is at least one x* € (A, A such that f(x*) =
A /mt | and so ¢(x*) = 1. We also know that ¢ is continuous in its domain and that ¢(x*) —
x* =1—x* > 0and p(A 1) — JHH = ! — ) () (as k < « as defined in Equation (4)). Also
by the intermediate value theorem, there is at least one u € (x*, A7) such that ¢(n) — u = 0.
As a consequence, there is at least one ug € (A1, A1) such that ¥ (g, ur) = (e [ ]

The next step is to establish uniqueness.
LemMma 3. ¢'(ug) = 0if ug is a fixed point. Hence, the fixed point is unique.

Proor. We prove that 31 /0x = 0 and 9y /dy = 0 at x = y = ug, from which we deduce that
¢'(ng) = 0 since
v oy

, ad
¢ (np)dpe = —dx + ——dy.
ox ay

Taking the derivative of Equation (A.S), we obtain

i

P (x,y)

&V Yy
_&W (m L (1H) vy)).

G (x) g'(x)

By Equation (16), m''g” (x|H)g” (x) = x. Moreover, at a fixed point, ¥ (x, y) = x. Hence, 9y 9x =
0 at x = y = ug. In words, the entrants’ reputation v (x, y) increases when the exit reputation
level increases if and only if the firms that leave and reenter after this change have a higher
reputation than those that are already replacing their names. At the fixed point, however, those
firms have exactly the same average reputation, so moving the cutoff point will have no effect
on the entrants’ reputation.

As for y, it affects y through the distributions G’ (-|H) and G (-|L). Since the pair of steady-
state distributions is the fixed point of a contraction mapping in a complete metric space, it
can be obtained as the limit of the sequence {(_3{(~|H), Ety(-lL)} defined by iterating 7 starting
from any pair Go(-|H) and G(-|L), where 5?(~|H) and ??,y(-|L) denote the tth iteration of
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TY. Define ¥, as ¥,(x,y) = (@G (x|H) + A1) /G, (x). We will show that {y,(uuz. y)} is a
constant sequence when the starting point is Gy)('h) =G “(-]r) with the associated interim
distribution Gj,(-|t) = G"#(-|7) (i.e., the steady-state distributions under 7/#) and y = g + dy
is infinitesimally different from ug; hence, 9y /dy = 0 when evaluated at x = y = pug.

Let us define T} (x|7) as

(x.y) (x.y)
A T =/ [ G dr -y [ G G ity art,

After one iteration of 77, we obtain

y
Gl = G+ 22|y,

Y=WKE

From direct computation of the derivative of the right-hand side of Equation (A.7) (with
fixed distributions),

aT; (x|t)
dy

_ Ix,y)

(A.8) s

(V" Gy (el H) f7 (#(x, 1)) + v Gy (el L * (F(x, 1)) -

Y=UKE

Taking into account that m" G)j(jug|H)/Go(1) = e and m" G (ug|L)/Gy(ug) = 1 — g and
rearranging, we obtain

AT (x|t)
dy

_ G 7 (x, pup) M pef " (7(x, me)) + 245 (1= pp) £5 (7F(x, i)
=G4 IJ«E) dy m .

(A.9)

Y=WME

Moreover, using Equation (23), the pair (5{(~|H), 5{( |L)) can be written as

G (I () _ ( GoClH) "
(410 (51{(%)) = (Ey(;um) @+l (7).

with  w(x, ) = (F7(x, y)/99) Go(ur) (ef (7 x, wp)) + (L — wp)f HF(x, pe)))dy,  while
¥1(ug, y) can be written as

" Gy(up|H) + peap(pe. y) + Ak
Go(ir) + o (ie. y)

Vi(ue,y) =

As (ﬁH(_}”(V)(MEIH) + )\LHK)/EEV)(,LLE) = ug, we conclude that

Vi(ne,y) = Yo(ue, y) = 1E.

We now look at higher iterations of 7. Applying the operator 77 as defined from Equation

(A4)to
G, (1H)
G(IL) )
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we obtain
Gt o _ (Com) ., _ (=
(A.11) (af_,_] (|L) (x) = EQV“L) (%) m;}iHL mg\LLL

I @ ey)af (0 ) 2 dp
—H

m s,

J) @ () A=) e ) 2 ap |
—L
m

where ) (x,y) = — [} @ (. ) af " (7(x. 1)) + (1 = w)f L(7(x, w)))(0F(x, ) /0p)dps.  Rear-
ranging and using Equation (23), we get

(C‘zy+1('|H)> (x) = ((_}f(-|H)> (x) + o} (x,y) (

Y-
SN———"

Gy, (-IL) G, (L)

Accordingly,

' G, (uplH) + ppo) (1e, y) + 1k

Vi1 (e, y) = Ef(,uE)-i-w?(ME’y)

Hence, we can prove by induction on ¢t that y,(ug,y) = ug for all #: By assuming that
Vi(uE, y) = nE, we deduce that ¥,.1(ug, y) = wp. Moreover, yri (g, y) = wr had already been
established. Thus, ¥,(1g, y) = Yo(ug, y) = ug forallt > 0, and therefore 9y (x, y)/dy = 0 when
X=y=UE. ]

Finally, we conclude that uz < m'.

LeEmMA 4. The consistent entry-level reputation is lower than the fraction of competents among

active firms after the exit-entry process takes place: up < m'.

)\HH

Proor. Notice that (g, ug) = ug and ¥ ( , wg) = m'. Moreover,

oy _ [ m'g"E (x| H)+m g E (x|])
=y (6 me) = ( G ) ).

This is strictly positive in the interval (ug, A). Hence, up < m'. [ ]

A.2. Proof of Proposition 1. The tuple (g, G(-|H), G(-|L)) contains the entry-level repu-
tation, which is a fixed point of ¢ (as defined in Equation (A.6)) and a pair of steady-state
reputation distributions that are a fixed point of 7' (as defined in Equation (A.3)). As G(-|7)
depends continuously on « and the parameters of the transition matrix A for a given entry-level
reputation, the dependence of ¢ on those parameters is also continuous. We will show that this
implies that g also depends continuously on « and the parameters of the transition matrix A.

Proor. Denote ¢“(x) as the value of ¢(x) when the mass of potential firms is 1 + «. Define
the function v : (0, %)) — (AM, m) as v(x) = {x € (A, m'") : x = ¢“(x)}, which gives the fixed
point ug as a function of k. We know that ¢*(x) > x when x < v(k) and ¢“(x) < x whenx > v(«).

We will prove that v is continuous. Assume, instead, that v is not continuous at some
ko € (0,%). Then, there is some ¢* > 0 such that for all § > 0, we can find some «(3) € (0, x))
such that |ko — «(8)| < & and [v(ko) — v(k(5))| = ¢*. Notice that we can make &* arbitrarily
small, in order that X = v(kq) + ¢* < A and x = v(ky) — &* > AL, Then, [v(k) — v(k(8))| > &*
implies that either ¢ (¥) < ¥ < ¢*®(xX) or ¢(x) > x > ¢*¥(x). Hence, there is some & =
min{x — ¢**(X), ¢**(x) — x} > 0 such that for all § > 0, there is some «(8) € (0, x)) that satisfies
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554 VIAL AND ZURITA

ko — k(8)| < & and ¢ (X) — ¢*0(¥)| > &’ or [¢*D(x) — $**(x)| > €. As this implies that ¢*(x) is
discontinuous in « for some x, we arrive at a contradiction.

The proof of the continuity of ur in the parameters of the transition matrix A is analogous
to that of the continuity in «, except that the domain of v is different since A € (0, /1) and
A e (WLH 1), [ |

A.3. Proofof Proposition 2. 'We will show that a sufficient condition for xx to increase when
a given parameter o increases is that y// = m" )" /! and y** = m" 1M /! are reduced while
A s not, where m!! = AP (1 4 k) /(A 4 ) =1 — mb, and m'! = m — A e =1 —mt

Proor. Let o denote any parameter affecting the entry-level reputation. We want to look at
the effect of an increase in « on the fixed point of the function ¢(u) defined in Equation (A.6).
As ¢'(ug) = 0, the change in « affects ug only through its potential direct effect on ¢ and the
indirect effect on the distributions G(-|H) and G(-|L).

Consider an initial value « and the associated pair of conditional steady-state distributions
Eyo;ao(lr) for v € {H, L}, where y, is the consistent entry-level reputation when o = «g. As in
the proof of Lemma 3, we analyze the sequence of distributions {?;,yo(-lH), ??,yo(~|L)} defined
by iterating the operator 770 starting from ??(y)o(-h) = (_?yo;ao(-h) with the associated interim
distribution G’ (-|t) = G’ (-|7), and the associated sequence {y,(yo, yo)} defined by ¥(x, yo) =
(@G (x|H) + AHk) /G’ (x) when a = &y + da is infinitesimally larger than a. We will show
that a sufficient condition for llirgo Y(yo, yo) > yo is that 3y /da < 0 and 9y"F/da < 0 while
A ) /3o > 0.

Let us define 7" (x|7) as

i (x.yo0:)
(A.12) T (x|7) = y" (@) /0 G (it (x, r;e) |H) dF"
. F(x,y0;0) y .
@ [ G ) ",

where y/'* 4+ yI* = 1. After one iteration of the operator 77, we obtain

AT (x|7)

(A.13) G (x|t) = Gy (x|7) + o

o=

Taking the derivative of the right-hand side of Equation (A.12) (with fixed distributions) and
rearranging, we get

AT (x|t)
Jo

3yllr F(x,0) y " 7(x,y0) y L
- / G ((x. r)|H) dF" — / G (i(x, P)|L) dF
0 0

a=on

o7 (x, F(x,y0) F(x,y0)
y T3 (VH’ | ey oumart e [T Gy guinyart

F(x,y0) 3/1 X, r
+y" /O ga Dglt (. i) dF"

W ) o
+J/LT/0 Tgﬁ” ((x, r)|L)dF".
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As the distributions Eﬁo(-h) for T € {H, L} are steady-state distributions, then Eﬁ” (x|7) =
T;"* (x|7). Hence,

. . 7(x,y0) F(x,0)
Gy (x|L) — Gy (x|H) = (y" — ') ( /0 yG? (A(x,r)|L)dF — /0 sz° (A(x, )| H) dFH)

and also

_ a7(x, yo . F(x.y0) . (x,y0)
gz°(x|r>=%(ﬂ [ G wamart sy [ Gy uiyart

00 g, r 3 ) g, r 3
+7 / ﬁgﬁ‘) (7u(x, )| H) dF™ 4 y'7 / ﬁgﬁ‘) (7u(x, r)|L) dF".
0 ax 0 ax
From the definitions of 7(x, y) and ji(x, r), by taking derivatives and rearranging, we obtain

OF(x,y) (0F(x,y)\ " (aaH  aHH — x N ATH (1 x — pLH
dar ox N dar  \ AHH — \LH da \AHH — )LH

_ OR(x, ) <aﬁ(x, r))‘l_

Ja 0x

Using these results and noticing that g)"(x|H) = g’ (x)x/m" and g’ (x|L) = g’ (x)(1 — x)/m",
we finally obtain

EYOHH) B 6y°(|]—]) o o o %
(é[,(.|L)>(x)_ (6%0(_@) (%) + v§(x, y0) _% +wo(X,YO)<1m;Lx),
where
} Ey(l |L _Ey(l |H
e = GD Gty
and

AL ¢ QI — x A x — ) v
o — =Yo
wO(xmyO):_( o ()LHH_)\’LH>+ Ja <AHH_ALH>>g0 (X)

Repeatedly iterating the operator T as defined in Equation (A.4), noticing that

M FCe, @) + 2571 — ) H(F(x, 1)
X

= uf " (7Cx, ) + (1= W E(FCx 1)

_ M (F(x, 1) + A5 = )f “(F(x, 1)
1—x ’

and after rearranging, we obtain

GO oy~ (G o 4w [ 7 ) 4 ore v (7
(—[ifx(lL)>( )_<ao;k(.|L)>( )+ t( ’y0)<_ﬁ>+ [( 7y0)(1rn_ic>
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for all t > 0, where v and o are defined as

1 HH
) = [ v Ge) (agT (1 — ) 1 e, )

Yo

HL

+ 2 ))) T2 g,

1 JHH
w?(x’yO)E/ (U° () °)<a CERG M>>+—a mlf (R, M)>>
Yo
= @ (. y0) (W Fx ) + (1 = ) (G, u)))> .

and

1 rx,
0 = = [ G0 G = 070 ) + = 2 u)))a( M g,

Yo

1
of (%, y0) = = | (Vg (s yo) (FF(F(x, 1) = F11(7(x, )

Yo

ey (0 )+ (1 = 00

As x € (W )HTY and 9F(u, yo)/dp < 0, a sufficient condition for v¥(x, yo) > 0 V¢ is that
Y /o < 0 and 3y /9 > 0.
For all t > 0, ¥(yo, yo; A) can be written as

Yi—1(yo, yo)ayﬁx (Vo) + vi—1(yo, yo) + Yowi—1(yo, yo) + d (A k)
Gyﬂ? o) + wi—1 (o, yo)

Vi(yo, yo) =

Since ¥o(y0, Yo) = Yo, recursive substitution yields

L ! )
) + Z]:l U](YO’ YO) —f-d()\,LHK) )

—(1
Vi (¥0, Yo) = yo + vy (Yo, yo) ( ( & (o)

Vo
Gf

Hence, ¥:(yo, y0) > Yo + U2 (y0, yo)(—(1 — y0)dy™ jaam™ + yody'’t /dam™) for all ¢ > 0 if
3y /3o < 0 and 3yt /da > 0 this implies that lim ¥(yo, yo) > yo. Therefore, ¢(yy) > yo when
— 00

any parameter « increases infinitesimally if 3y /3o < 0 and 3y""F/da > 0, whereas Ak is not
reduced. We conclude that the consistent entry-level reputation obtained under this new value
of « is strictly larger than y if these sufficient conditions are met. |

A.4. Proof of Proposition 3. We will prove that the sufficient conditions for an increase in
wr from Proposition 2 are met after (i) an increase in A", (ii) a proportional increase in A"
and A7 (iii) an increase in A" and « so that m/’ remains constant, or (iv) an increase in A//F
and A" with a reduction in « so that m!’ and 7"’ remain constant.
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Proor.

(1) The effect of anincrease in A" is directly obtained by taking derivatives and rearranging:

=—|—== and —
AL m'! m'! 14+«

gyt B mHN\? 1 — \LH, gyl B mEN? 1 4+ ALH
1+« OAHL m ’

(2) Ifboth A”L and A" increase in the same proportion, then the mean interim reputation m'!

remains fixed. Hence, A"/ can be written as ALY = A Em! /(1 — m!T + k). After replacing
on Y and y'* by taking the derivatives with respect to A/’" and rearranging, we obtain
in this case

3yl mH\> Ll aylL mHN\? mL
oA = <ﬁ) e  g = (n—T> mi
e increase in is compensate an increase in « so that m' remains constant,
3) If th AHE pensated by that m" tant

then « can be written as k = (m(AM 4 AHL) — ALH) /) LH | After replacing on y/f and

y&L, by taking the derivatives with respect to A" and rearranging, we obtain in this case

ayHH B (mH>2 ALH L 8VLL B <mH)2 ALyl

ot = ) T 2 gm = \Gr) Tan

(4) If AM and A™ increase but « is reduced so that both the mean interim reputation
—H ”

m!’ and the mean prior reputation 7’ remain fixed, then A" = # and

k = (m" —mymt )@ — m" (1 — AP'L)); hence, A"k does not change. By taking the

derivatives with respect to A", we obtain in this case

P HH mH P LL mH
=T and L =2 u
oA m oA m

A.5 Proof of Proposition 5. As G(ji(x, r)|t, n) < G(t(x, )|z, 0), we obtain an upper bound
for G(x|t, n + 1) in Equation (31) as follows:

X, 1)

_ Fx,pwg)
Gerlen+ 1) =7 [ G OdF 4y [ GGt iz 0)dr*
0 0

o F(x, )
=Gxlt, )+ (v =) ( /0 G (ju(x,r)|H, 0)d (F" — FL)) .

Evaluating the integral, we find that
Glalr.n +1) < Glalr, 1) + (V4" — o) (F" (F(x. ) = F* (7(x. 1))

However, (Y — y!I") > 0 & m!l /m,, > jug; but as m! /m,, = E[pu|n], then m¥ /m,, > pp. As
FH(#(x, ug)) — FE(F(x, ug)) < 0 we conclude that G(x|z, n + 1) < G(x|t, 1).
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